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Zusammenfassung 
Um mikrostrukturierte Reaktoren für die Mehrphasenströmung zu optimieren und ihr 
Verhalten beschreiben bzw vorhersagen zu können werden lokale Information der 
physikalischen und chemischen Vorgänge innerhalb des Reaktors benötigt Diese 
Information können über orts$ und zeitaufgelöste Messungen oder numerische Methoden 
beschafft werden Da es mit den derzeitigen Messmethoden sehr schwierig ist 
Messungen im Mikromaßstab in strömenden Medien durchzuführen werden zunehmend  
CFD$Codes mit  Modellen zur Beschreibung von Mehrphasenvorgängen eingesetzt um 
die Vorgänge in mikrostrukturierten Reaktoren sichtbar zu machen 
CFD$Codes werden sowohl in der Industrie als auch auf akademischer Ebene in vielen 
Bereichen der Verfahrenstechnik erfolgreich eingesetzt um Probleme einphasiger 
Systeme zu lösen Es besteht jedoch erhöhter Bedarf den Massentransport über die 
Phasengrenze gekoppelt mit chemischen Reaktionen in mehrphasigen Systemen 
mathematisch zu beschreiben  Deshalb ist es die Aufgabe dieser Arbeit einen 
kommerziellen CFD$Code über dessen Programmierschnittstelle soweit zu erweitern um 
solche System zu simulieren Das so erweiterte Mehrphasenmodell soll anhand 
analytischer Lösungen einfacher Mehrphasenprobleme  als auch experimenteller Daten 
aus der Literatur validiert werden 
Am Institut für Mikroverfahrenstechnik wurde ein Mehrphasen$Mikroreaktor zur 
Anilinerzeugung mittels  Hydrierung von Nitrobenzol entwickelt Zum besseren Verständnis 
der physikalischen bzw chemischen Vorgänge im Reaktor sollten durch CFD$
Simulationen der Stoffübergang vom gasförmigen Wasserstoff in das flüssige Nitrobenzol 
und die anschließende chemische Reaktion auf einer Katalysatoroberfläche simuliert 
werden Der Schwerpunkt der Simulationsrechnungen lag dabei bei der Modellierung des 
Stofftransportes aus der Gasphase in die flüssige Phase Da die Datenbasis zur 
Validierung des erweiterten Mehrphasenmodells auf Basis des Wasserstoff6Nitrobenzol 
Systems nicht ausreichend war wurde hierfür das System Luft6Wasser herangezogen  
Hierbei  wurde bei verschiedenen Schmidt$Zahlen das Aufsteigen einer Luftblase in einem 
mit Wassergefüllten senkrecht stehenden Kanal simuliert Der aus den Simulationen 
ermittelte Stofftransport konnte dann mit theoretischen Modellen und analytischen 
Lösungen verglichen werden 
Um das System Wasserstoff6Nitrobenzol simulieren zu können musste der Kontaktwinkel 
zu einer Edelstahl$ und Kunststoffoberfläche mit der statischen Tropfenmethode bestimmt 
werden Damit war es möglich das Einströmen von Wasserstoff in einen von Nitrobenzol 
durchströmten Mikrokanal zu simulieren Mit dem VOF 9Volume of Fluid: 
Mehrphasenmodel konnte der Einfluss von Oberflächenspannung geometrischer 
Parameter und des Kontaktwinkels untersucht werden Die Kopplung von Stofftransport 
und chemischer Reaktionen wurde in Simulationsrechnungen integriert Die Ergebnisse 
konnten aber aufgrund der dafür benötigten Zeit nicht mehr in diese Arbeit einfließen Den 
Code des erweiterten Mehrphasenmodells ist im Anhang zu finden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t❤❡ ♠✐❝r♦r❡❛❝t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✺✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r t✇♦ ♣❤❛s❡ ✢♦✇ ✐♥✈❡st✐❣❛t✐♦♥s ✇✐t❤ r❡✲
s♣❡❝t t♦ t❤❡ ♠✐①✐♥❣ ③♦♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✺✳✺ ●❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ s❤❛♣❡ ✐♥ ❨❳ ♣❧❛♥❡ ✭✸❉✮❀ ❆✿ ■♥✢✉❡♥❝❡ ♦❢ s✉r✲
❢❛❝❡ t❡♥s✐♦♥✱ ❇✿ ■♥✢✉❡♥❝❡ ♦❢ ❜✉♦②❛♥❝②✱ ❈✿ ■♥✢✉❡♥❝❡ ♦❢ ✐♥❧❡t ❛♥❣❧❡
✭❜❡t✇❡❡♥ ♥✐tr♦❜❡♥③❡♥❡ ❛♥❞ ❤②❞r♦❣❡♥✮✱ ❉✿ ■♥✢✉❡♥❝❡ ♦❢ ♥✐tr♦❜❡♥③❡♥❡
✢♦✇ ❞✐r❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✺✳✻ ▲❛t❡r❛❧ ✈✐❡✇s ♦❢ ❜✉❜❜❧❡ ❣❡♥❡r❛t✐♦♥ ✐♥ ❛ ♠✐❝r♦❝❤❛♥♥❡❧ ❛t ✶✵ ♠✐❧✲
❧✐s❡❝♦♥❞s✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿ ▲✐q✉✐❞ ♠❛ss ✢♦✇ r❛t❡ ✐s ✐♥❝r❡❛s❡❞ ❜②
❛ ❢❛❝t♦r ♦❢ ✶✵✱ ✶✵✵✱ ❛♥❞ ✶✵✵✵ ❝♦♠♣❛r❡❞ t♦ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❛❜❧❡ ✺✳✷ ✺✼
✺✳✼ ■♥✢✉❡♥❝❡ ♦❢ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛t ❤②❞r♦❣❡♥
✐♥❧❡t ❢♦r ❝♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷✳ ✶✻✺ 0✱ ✾✵ 0✱ ✶✺0 ❝♦♥t❛❝t
❛♥❣❧❡ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✺✳✽ ❇✉❜❜❧❡ s❤❛♣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❙❈❆ ♦♥ t❤❡ ❨❩ ✭❧❡❢t✮ ❛♥❞ ❨❳ ✭r✐❣❤t✮
♣❧❛♥❡s ❛t ✶✵✵ ♠s ❞♦s✐♥❣ t✐♠❡❀ ❞❡t❛✐❧ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ♦♥ ❨❩ ♣❧❛♥❡
❛t ✶✵✵ ♠s ❞♦s✐♥❣ t✐♠❡✳ ❈♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷ ✳ ✳ ✳ ✳ ✳ ✻✶
✺✳✾ ▼❡❛♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✐♥ ✢♦✇ ❞✐r❡❝t✐♦♥ ❛s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r ❙❈❆s
≤ ✶✺0✳❈♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✺✳✶✵ ▼❡❛♥ ✈❡❧♦❝✐t✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r ❈❛s❡ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✺✳✶✶ ❱❡❧♦❝✐t✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r ❈❛s❡ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✺✳✶✷ ❙♥❛♣s❤♦t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ✵✳✵✷ t♦ ✵✳✶ s ❢♦r ❈❛s❡ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✺✳✶✸ ❙♥❛♣s❤♦t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ✵✳✵✷ t♦ ✵✳✶ s ❢♦r ❈❛s❡ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
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✻✳✶ ❆ t②♣✐❝❛❧ ✉♥✐❢♦r♠ ❝✉❜✐❝ ♠❡s❤ ❝❡❧❧ ✸✲❉✭❧❡❢t✮✱ ✉♥✐❢♦r♠ q✉❛❞r❛t✐❝
♠❡s❤ ❝❡❧❧s ❢♦r ✷✲❉ ❛♥❞ ♠❡s❤ r❡✜♥❡♠❡♥t str❛t❡❣② ✭r✐❣❤t✮ ❢♦r ♠❛ss
tr❛♥s❢❡r s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✻✳✷ ❈r♦ss s❡❝t✐♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛t ③❂✽ ♠♠ ✐♥ ✸✲❉✭❧❡❢t✮✱
❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ ✷✲❉ ✭r✐❣❤t✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
✻✳✸ ❈❤❛♥❣❡ ♦❢ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ❞✉r✐♥❣ t❤❡
❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡ ✉s✐♥❣ ✺✵①✶✵✵①✺✵ ♠❡s❤ ❝❡❧❧s ✐♥ ✸✲❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✻✳✹ ◆♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡ ✇✐t❤ t❤❡ t✇♦ ❞✐✛❡r❡♥t
∆X ❞✐st❛♥❝❡ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞s✳ ❚✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✉r❛t✐♦♥ ♦❢
t❤❡ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡✳ ▼❡s❤ r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵ ❝❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✼✹
✻✳✺ ❈♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡ ✐♥ ✢♦✇ ❞✐r❡❝t✐♦♥ ✭② ❛①✐s✮ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢
t❤❡ ❝❤❛♥♥❡❧ ✉s✐♥❣ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ♠❡t❤♦❞ ✇✐t❤ ❋✐rst ❖r❞❡r
s❝❤❡♠❡✳ ▼❡s❤ r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵ ❝❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✻✳✻ ❉✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤s ✇✐t❤ P▲■❈✲✶ ❝❛❧❝✉❧❛t✐♦♥ ✭❧❡❢t✮ ❛♥❞ ✇✐t❤ P▲■❈✲
✷ ❝❛❧❝✉❧❛t✐♦♥ ✭r✐❣❤t✮✳ ▼❡s❤ r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵ ❝❡❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✻✳✼ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤s ✇✐t❤ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷
♠❡t❤♦❞✳ ❳ ❛①✐s ❝♦rr❡s♣♦♥❞s t❤❡ ❝✐r❝✉❧❛r ♦❢ ❝❡❧❧ ✐♥❞❡① ♦❢ ❋✐❣✉r❡
✻✳✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✻✳✽ ■♥✢✉❡♥❝❡ ♦❢ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ♠❡t❤♦❞ ♦♥ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ✳ ✳ ✼✼
✻✳✾ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❡♠♣✐r✐❝❛❧ ❙❤❡r✇♦♦❞ ❝♦rr❡✲
❧❛t✐♦♥s✳ ■♥ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts P▲■❈✲✶✱ ❋✐rst ♦r❞❡r s❝❤❡♠❡ ❢♦r ♠♦✲
♠❡♥t✉♠ ❛♥❞ s♣❡❝✐❡s ❡q✉❛t✐♦♥ ❛♥❞ ✺✵①✶✵✵①✺✵ ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛r❡
✉s❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✻✳✶✵ ❈♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❛t ❙❝❂✶ ✭❧❡❢t✮✱ ❙❝❂✶✵ ✭♠✐❞❞❧❡✮✱ ❙❝❂✶✵✵
✭r✐❣❤t✮ ❛t ✵✳✷ s✳ ✭❚❤❡ ❝♦❧♦✉r❡❞ s❝❛❧❡ ✐s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♦①②❣❡♥
✐♥ ❦❣✴♠3✮✳ P▲■❈✲✶✱ ❋✐rst ♦r❞❡r s❝❤❡♠❡ ❢♦r ♠♦♠❡♥t✉♠ ❛♥❞ s♣❡❝✐❡s
❡q✉❛t✐♦♥ ❛♥❞ ✺✵①✶✵✵①✺✵ ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛r❡ ✉s❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✻✳✶✶ ■♥✢✉❡♥❝❡ ♦❢ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦♥ ♠❛ss tr❛♥s❢❡r ✐♥ ✸✲❉✳ ▼❡s❤
r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵✳ ❚✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡
r✐s✐♥❣ ❜✉❜❜❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
①
▲■❙❚ ❖❋ ❋■●❯❘❊❙
✻✳✶✷ ❚❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ❢♦r ❞✐✛❡r❡♥t ❝❤❛♥♥❡❧ ❞✐❛♠❡✲
t❡rs ✇✐t❤ ✐♥t❡r✈❛❧ ♠❡s❤ s✐③❡ ✸✳✷ ✶✵−4♠ ✐♥ ✷✲❉✱ ✭❲❂❝❤❛♥♥❡❧ ❞✐❛♠✲
❡t❡r✮✳ ❚✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡✳ P✳❖
❂ ♣r❡ss✉r❡ ♦✉t❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✻✳✶✸ ■♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣
❜✉❜❜❧❡ ✈❡rs✉s t✐♠❡ ✇✐t❤ P▲■❈✲✶ ❝♦♥❝❡♣t ✐♥ ✷✲❉ s✐♠✉❧❛t✐♦♥s✳ ✳ ✳ ✳ ✽✷
✻✳✶✹ ■♥✢✉❡♥❝❡ ♦❢ ❣r✐❞ r❡s♦❧✉t✐♦♥ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r
✇✐t❤ P▲■❈ ❝♦♥❝❡♣t✳ ❚✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣
❜✉❜❜❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
❆✳✶ ❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
❇✳✶ ●❡♦♠❡tr② ♦❢ ✶✲❉ st✉❞② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
❇✳✷ ✶✲❉ st✉❞② ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐✛✉s✐✈❡ t❡r♠ ❝♦♠♣❛r✐s♦♥ ♦❢ ♥✉✲
♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝ r❡s✉❧ts ✇✐t❤ ✶st ♦r❞❡r ❢♦r s♣❡❝✐❡s ❝♦♥✈❡r✈❛t✐♦♥
❛✮ ❛t t❂✶ s ❜✮ ❛t t❂✷ s ❝✮ ❛t t❂✸ s ❞✮ ❛t t❂✹ s ❡✮ ❛t t❂✺ s ❢✮ ◆✉✲
♠❡r✐❝❛❧ r❡s✉❧ts ❢r♦♠ t❂✶ s t♦ t❂✺ s ✇✐t❤ ✶st ♦r❞❡r ❛♥❞ ✷♥❞ ♦r❞❡r
❢♦r s♣❡❝✐❡s ❞✐s❝r❡t✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
❇✳✸ ●r✐❞ ✐♥✢✉❡♥❝❡ ♦♥ ❞✐✛✉s✐✈❡ t❡r♠ ♦❜t❛✐♥❡❞ ✐♥ ❛ ✶✲ ❉ st✉❞②❀ ✶st ♦r❞❡r
s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❛✮ ❛t t❂✶ s ❜✮ ❛t t❂✷ s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
❇✳✹ ●❡♦♠❡tr② ♦❢ ✷✲❉ st✉❞② ♦♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
❇✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ✷✲❉ st✉❞② ♦❢ t❤❡ ❝♦♥✈❡❝✲
t✐✈❡ t❡r♠ ❢♦r ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s ✳ ✳ ✶✵✵
❇✳✻ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✐♥ ✷✲❉ st✉❞② ♦♥
t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ❛t ②❂✵✳✶ ♠♠ ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t
✈❡❧♦❝✐t② ✵✳✶ ♠✴s❀ ◆♦❞❡ ✈❛❧✉❡s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♣❧♦ts✳ ✳ ✳ ✶✵✶
❇✳✼ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ♥♦❞❡ ❜❛s❡❞ ❛♥❞ ❝❡❧❧ ❜❛s❡❞ ❝♦♥✲
❝❡♥tr❛t✐♦♥s ❛t ②❂✵✳✶ ♠♠ ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t ✈❡❧♦❝✐t②
✵✳✶ ♠✴s✿ ✷✲❉ st✉❞② ♦♥ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
❇✳✽ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s ✇✐t❤ ❛♥❛❧②t✐❝ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉✲
t✐♦♥❀ ❛ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ♦❢ ❦❂1.6×10−5m
s
✱Cliq = 0
❛♥❞ ❛ ❣r✐❞ ✇✐t❤ ✹✵①✹✵①✹✵ ❝❡❧❧s ✐s ✉s❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
❇✳✾ ■♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ♠❛ss ❜❛❧❛♥❝❡ ❛ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r
❝♦❡✣❝✐❡♥t ♦❢ ❦❂1.6× 10−5 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹
①✐
▲■❙❚ ❖❋ ❋■●❯❘❊❙
❇✳✶✵ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ t❤❡ t❡st ♦♥ ✜rst ♦r❞❡r ❤♦♠♦✲
❣❡♥❡♦✉s r❡❛❝t✐♦♥ t❡r♠ ✐♥ ❣❡♦♠❡tr② ♦❢ ❋✐❣✉r❡ ❇✳✹ ❛✮ ■♥❧❡t ✈❡❧♦❝✐t②
✶ ♠✴s✱ ❦❂✶ s−1 ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s✱ ❦❂✺✵✵ s−1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
❇✳✶✶ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥
❛❧♦♥ ❧✐♥❡ ②❂✵✳✶ ♠♠ ❢♦r ✐♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❛♥❞ ❦❂✶ s−1✿ ❚❡st ♦♥
❤♦♠♦❣❡♥♦✉s ✶st ♦r❞❡r r❡❛❝✐♦♥ t❡r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
❇✳✶✷ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✉s✐♥❣ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ♠❡t❤♦❞
❛t ❢❂✵✳✺ ❢♦r ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❝❛s❡s ♦❢ t❤❡ r❡❛❧ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥
❛✮♥x❂✶✱♥y❂✵✱♥z❂✵ ✭✶✲❉✮ ❜✮nx❂✶✱♥y❂✶✱♥z❂✵ ✭✷✲❉✮ ❝✮nx❂✶✱♥y❂✶✱♥z❂✶
✭✸✲❉✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
❉✳✶ ❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾
①✐✐
▲✐st ♦❢ ❚❛❜❧❡s
✷✳✶ Pr♦♣♦s❡❞ ❙❤ ❝♦rr❡❧❛t✐♦♥s ❢♦r ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡s ✐♥ ❧✐q✉✐❞ ❛t ❘❡②♥♦❧❞s
♥✉♠❜❡rs ✶ ❁ ❘❡ ❁ ✶✵✵ ❢r♦♠ ❧✐t❡r❛t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✷✳✷ ◆✉♠❡r✐❝❛❧ ♠❛ss tr❛♥s❢❡r st✉❞✐❡s ✐♥ ❈❋❉ ✇✐t❤ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛♣♣❧✐❡❞
♠❡t❤♦❞ ❛♥❞ ▼❛ss ❚r❛♥s❢❡r ❈❛s❡ ✭▼✳❚✳❈✮✿ ▼♦❞✐✜❡❞ ❉❡♥s✐t② ❋✉♥❝✲
t✐♦♥ ✭▼✳❉✳❋✳✮✱ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❋✳❊✳▼✮✱ ▲❡✈❡❧ ❙❡t ✭▲✳❙✮✱
❋r♦♥t ❚r❛❝❦✐♥❣ ✭❋✳❚✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✸✳✶ ❋❧♦✇ r❛t❡s ♦❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❛♣♣❧✐❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s
♦❢ t❤❡ ✢♦✇ ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✹✳✶ ❈♦❡✣❝✐❡♥ts ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ♦❢ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ✐♥ ✷❉ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺
✺✳✶ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s ♦❢ ❞✐✛❡r❡♥t ❝❛t❛❧②st ✐♥t❡❣r❛t✐♦♥ ♠❡t❤✲
♦❞s ✐♥ ♠✐❝r♦r❡❛❝t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✺✳✷ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ◆✐tr♦❜❡♥③❡♥❡ ✲❍②❞r♦❣❡♥ ❛t ✶✵
❜❛r ❛♥❞ ✶✷✵0❈ ✭s❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
✺✳✸ ❆①✐❛❧ ❣❛s ✈❡❧♦❝✐t② ❛♥❞ ❝❛♣✐❧❧❛r② ♥✉♠❜❡r ❛t ✈❛r✐♦✉s ❙❈❆s✱ ❞❡t❡r✲
♠✐♥❡❞ ❛t ✶✵ ♠s ❛♥❞ ✶✵✵ ♠s s✐♠✉❧❛t✐♦♥ t✐♠❡ r❡s♣❡❝t✐✈❡❧②✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✺✳✹ ❋❧♦✇ r❛t❡s ♦❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❛♣♣❧✐❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s
♦❢ t❤❡ ✢♦✇ ✜❡❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✻✳✶ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢✉✐❞s ❛t ✶ ❜❛r ❛♥❞ r♦♦♠ t❡♠♣❡r❛t✉r❡
❛♣♣❧✐❡❞ ✐♥ t❤❡ ♠❛ss tr❛♥s❢❡r s✐♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
✻✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡s✉❧ts ✇✐t❤ ❞❛t❛ ✐♥ ❧✐t❡r❛t✉r❡ ❛t ✵✳✷ s ❛❜s♦r♣✲
t✐♦♥ t✐♠❡✳ ✭❈❲▲❂❈♦♥❝❡♥tr❛t✐♦♥ ✇❛❦❡ ❧❡♥❣t❤ ♦❢ tr❛❝❡❛❜❧❡ ❣❛s❡♦✉s
s♣❡❝✐❡s ✐♥ t❤❡ ❧✐q✉✐❞✱ ❆❘❂ ❆s♣❡❝t ❘❛t✐♦ ♦❢ ❜✉❜❜❧❡ ✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽
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❆✳✶ ❉❡♥s✐t② ❈♦♥st❛♥ts ❢♦r ◆✐tr♦❜❡♥③❡♥❡✱ ❆♥✐❧✐♥❡✱ ❲❛t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
❆✳✷ ❱✐s❝♦s✐t② ❈♦♥st❛♥ts ❢♦r ◆✐tr♦❜❡♥③❡♥❡✱ ❆♥✐❧✐♥❡✱ ❲❛t❡r ❬✼❪ ✳ ✳ ✳ ✳ ✳ ✽✽
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❆✳✺ ❆♣♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❝♦rr❡❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
❇✳✶ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r t❤❡ t❡st ❝❛s❡ ✭✷✲❉✮ ♦❢ t❤❡
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❇✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝❛❧❝✉❧❛t❡❞ ∆X ✇✐t❤ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ✐♥ ✶✲❉✱
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❉✳✶ ❘❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥ts ❛♥❞ t♦t❛❧ ❛❝t✐✈❡ P❞ ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❣❡✲
♦♠❡tr② ❢♦r ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ❞✐✈✐❞❡❞ ❢r♦♠ t❤❡ ❧❛❜
♠✐❝r♦r❡❛❝t♦r ❝♦♥t❛✐♥✐♥❣ ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ✇✐t❤ P❞✴❈ ❝♦❛t✐♥❣ ✳ ✳ ✳ ✶✸✵
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▲✐st ♦❢ ❙②♠❜♦❧s
❘♦♠❛♥ ❙②♠❜♦❧s
A ■♥t❡r❢❛❝✐❛❧ ❛r❡❛ ✭♠2✮
a, b, c ❈♦❡✣❝✐❡♥ts ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ♦❢ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s
C ❈♦♥❝❡♥tr❛t✐♦♥ ✭❦❣✴♠3✮
~c, ~m, ~f ❱❡❝t♦rs ❞❡s❝r✐❜✐♥❣ t❤❡ tr✐❛♥❣❧❡ ♣r✐s♠
D ❉✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✭♠2✴s✮
d ❉✐❛♠❡t❡r ✭♠✮
❛ ❛❝❝❡❧❡r❛t✐♦♥ ✭♠2✴s✮
F ❋♦r❝❡ ✭◆✮
fc ■t❡r❛t✐✈❡❧② ❝❛❧❝✉❧❛t❡❞ ✈♦✐❞ ❢r❛❝t✐♦♥
fr ❉❡❧✐✈❡r❡❞ ✈♦✐❞ ❢r❛❝t✐♦♥ ❢r♦♠ ❋❧✉❡♥t ❝♦❞❡
❣, ~g ❣r❛✈✐t② ✈❡❝t♦r ✭♠2✴s✮
h ❍❡✐❣❤t ✭♠✮
~i ◆♦r♠❛❧ ✈❡❝t♦r ♦❢ tr✐❛♥❣❧❡ ♣r✐s♠
~I ◆♦r♠❛❧✐③❡❞ ✈❡❝t♦r ♦❢ ✈❡❝t♦r ✐
J ❙✉r❢❛❝❡ s♣❡❝✐✜❝ ♠❛ss ✢✉① ✭❦❣✴♠2s✮
①✈
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K ❙♣❡❝✐✜❝ ❛❞s♦r♣t✐♦♥ ❝♦♥st❛♥t ✭♠3✴❦❣✮
k ▼❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ✭♠✴s✮
~k,~j, ~d ❱❡❝t♦rs ❞❡s❝r✐❜✐♥❣ t❤❡ tr✐❛♥❣❧❡ ♣r✐s♠
k
′
♠♦❞✐✜❡❞ r❡❛❝t✐♦♥ ❝♦♥st❛♥t ✭❦❣✴✭❣✳s✳♠3✮✮
kPd r❡❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r P❞ ❝❛t❛❧②st
kR r❡❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t
L ❈❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✭♠✮
m˙ ▼❛ss tr❛♥s❢❡r r❛t❡ ✭❦❣✴s✮
M ▼❛ss ❢r❛❝t✐♦♥ ✭✲✮
m ▼❛ss ✭❦❣✮
N ◆✉♠❜❡r ♦❢ ♠❡s❤ ❝❡❧❧s ✭✲✮
Z ◆✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✭✲✮
♥ ❙✉r❢❛❝❡ ♥♦r♠❛❧ ✈❡❝t♦r
~N ❚r❛♥s❢♦r♠❛t✐♦♥ ✈❡❝t♦r ❢♦r y
′
❛①❡
♥˜ ♥♦r♠❛❧✐③❡❞ s✉r❢❛❝❡ ✈❡❝t♦r
♥˜✇ ❙✉r❢❛❝❡ ♥♦r♠❛❧ ✈❡❝t♦r t♦ s♦❧✐❞ ✇❛❧❧
Q ❱♦❧✉♠❡ ✢✉① ✭♠3✴s✮
R ❙♦✉r❝❡ t❡r♠ ❢♦r r❡❛❝t✐♦♥ s♦✉r❝❡ ✭❦❣✴♠3s✮
S ❙♦✉r❝❡ t❡r♠ ✭❦❣✴♠3s✮
~S ❚r❛♥s❢♦r♠❛t✐♦♥ ✈❡❝t♦r ❢♦r z
′
❛①❡
T ❚❡♠♣❡r❛t✉r❡ ✭❑✮
t ❚✐♠❡ ✭s✮
①✈✐
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~T ❚r❛♥s❢♦r♠❛t✐♦♥ ✈❡❝t♦r ❢♦r x
′
❛①❡
t˜✇ ❚❛♥❣❡♥t✐❛❧ s✉r❢❛❝❡ ✈❡❝t♦r t♦ s♦❧✐❞ ✇❛❧❧
U ❱❡❧♦❝✐t② ✭♠✴s✮
u ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ✐♥ ① ❝♦♦r❞✐♥❛t❡ ✭♠✴s✮
V ❱♦❧✉♠❡ ✭♠3✮
v ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ✐♥ ② ❝♦♦r❞✐♥❛t❡ ✭♠✴s✮
w ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ✐♥ ③ ❝♦♦r❞✐♥❛t❡ ✭♠✴s✮
~V ❈❡♥tr♦✐❞ ✈❡❝t♦r ♦❢ ❝✉t ✈♦❧✉♠❡
x ① ❝♦♦r❞✐♥❛t❡
y ② ❝♦♦r❞✐♥❛t❡
z ③ ❝♦♦r❞✐♥❛t❡
●r❡❡❦ ❙②♠❜♦❧s
∆X ❉✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s ✭♠✮
ǫ ❘❛t❡ ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♣❡r ✉♥✐t ♠❛ss ✈✐s❝♦s✐t② ✭♠3✴s2✮
κ ❙✉r❢❛❝❡ ❝✉r✈❛t✉r❡ ✭✶✴♠✮
ν ❑✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ✭♠2✴s✮
µ ❉②♥❛♠✐❝ ✈✐s❝♦s✐t② ✭P❛✳s✮
ρ ❉❡♥s✐t② ✭❦❣✴♠3✮
σ ❙✉r❢❛❝❡ t❡♥s✐♦♥ ❝♦❡✣❝✐❡♥t ✭◆✴♠✮
θ ❈♦♥t❛❝t ❛♥❣❧❡
❙✉❜s❝r✐♣ts
0 ■♥✐t✐❛❧
①✈✐✐
▲■❙❚ ❖❋ ❙❨▼❇❖▲❙
avg ❆✈❡r❛❣❡
Bat ❇❛t❝❤❡❧♦r
bub ❇✉❜❜❧❡
cat ❈❛t❛❧②st
dis ❉✐ss♦❧✉t✐♦♥
g ●❛s ♣❤❛s❡
gl ❋r♦♠ ❣❛s ♣❤❛s❡ t♦ ❧✐q✉✐❞ ♣❤❛s❡
hmg ❍♦♠♦❣❡♥❡♦✉s
i ❙♣❡❝✐❡s ✐
in ■♥❧❡t
int ■♥t❡r❢❛❝❡
Kol ❑♦❧♠♦❣♦r♦✈
l ▲✐q✉✐❞ ♣❤❛s❡
lg ❋r♦♠ ❧✐q✉✐❞ ♣❤❛s❡ t♦ ❣❛s ♣❤❛s❡
mix ▼✐①t✉r❡
norm ◆♦r♠❛❧✐③❡❞
out ❖✉t❧❡t
sat ❙❛t✉r❛t✐♦♥
σ ❙✉r❢❛❝❡ t❡♥s✐♦♥
w ❲❛❧❧
x ❈❡❧❧ ✐♥❞❡① ✐♥ ① ❞✐r❡❝t✐♦♥
y ❈❡❧❧ ✐♥❞❡① ✐♥ ② ❞✐r❡❝t✐♦♥
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z ❈❡❧❧ ✐♥❞❡① ✐♥ ③ ❞✐r❡❝t✐♦♥
❆❝r♦♥②♠s
AR ❆s♣❡❝t ❘❛t✐♦
CS ❈♦♥tr♦❧ s✉r❢❛❝❡
CV ❈♦♥tr♦❧ ✈♦❧✉♠❡
CWL ❈♦♥❝❡♥tr❛t✐♦♥ ✇❛❦❡ ❧❡♥❣t❤
NB ◆✐tr♦❜❡♥③❡♥❡
SCA ❙t❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✭0✮
STP ❙t❛♥❞❛r❞ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡
❉✐♠❡♥s✐♦♥❧❡ss ◆✉♠❜❡rs
Ca ❈❛♣✐❧❧❛r② ♥✉♠❜❡r
Gr ●r❛s❤♦❢ ♥✉♠❜❡r
H ❍❡♥r② ♥✉♠❜❡r
Pe P❡❝❧❡t ♥✉♠❜❡r
π P✐ ♥✉♠❜❡r
Re ❘❡②♥♦❧❞s ♥✉♠❜❡r
Sc ❙❝❤♠✐❞t ♥✉♠❜❡r
Sh ❙❤❡r✇♦♦❞ ♥✉♠❜❡r
We ❲❡❜❡r ♥✉♠❜❡r
①✐①
❈❤❛♣t❡r ✶
▼♦t✐✈❛t✐♦♥
❚❤❡ ❝♦♥❝❡♣t ♦❢ ♣r♦❝❡ss ✐♥t❡♥s✐✜❝❛t✐♦♥✱ ✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛❧❧② ♣✐♦♥❡❡r❡❞ ❜② ❈♦❧✐♥
❘❛♠s❤❛✇ ✐♥ t❤❡ ✶✾✼✵s✱ ✇❛s ❞❡✜♥❡❞ ❛s ❛ r❡❞✉❝t✐♦♥ ♦❢ s✐③❡ t♦ ❛❧❧♦✇ ♣r♦❝❡ss❡s s❛❢❡r✱
♠♦r❡ ❝♦♠♣❛❝t ❛♥❞ ❝❤❡❛♣❡r t❤❛♥ ❝♦♥✈❡♥t✐♦♥❛❧ ♦♥❡s ✐♥ ❝❤❡♠✐❝❛❧ ♣r♦❝❡ss ❡♥❣✐♥❡❡r✐♥❣
❛♥❞ t❡❝❤♥♦❧♦❣✐❡s ❬✽❪✳ ❖♥❡ ✇❛② t♦✇❛r❞s ♣r♦❝❡ss ✐♥t❡♥s✐✜❝❛t✐♦♥ ✐s t❤❡ ❛♣♣❧✐❝❛t✐♦♥
♦❢ ♠✐❝r♦str✉❝t✉r❡❞ ❞❡✈✐❝❡s✳ ❚❤❡s❡ r❡❛❝t♦rs ♣♦ss❡ss ✉♥✐q✉❡ ❛❞✈❛♥t❛❣❡s s✉❝❤ ❛s ❡♥✲
❤❛♥❝✐♥❣ ❤❡❛t ❛♥❞ ♠❛ss tr❛♥s❢❡r ♥♦t ♦♥❧② ❢♦r s✐♥❣❧❡ ♣❤❛s❡ ✢♦✇ r❡❛❝t✐♦♥s ❜✉t ❛❧s♦
❢♦r ♠✉❧t✐♣❤❛s❡ ✢♦✇ r❡❛❝t✐♦♥s ❡✳❣✳ ❜② ❡♥❛❜❧✐♥❣ ❤✐❣❤ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ❜❡t✇❡❡♥ ❣❛s
❛♥❞ ❧✐q✉✐❞ ❛❧❧ ♦✈❡r t❤❡ r❡❛❝t✐♦♥ ③♦♥❡ ❢♦r ♠✉❧t✐♣❤❛s❡ ✢♦✇ r❡❛❝t✐♦♥s✳ ❆♣♣❧✐❝❛t✐♦♥s
✇❤❡r❡ ❛ ❤✐❣❤❡r ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠✐❝r♦r❡❛❝t♦r s②st❡♠ ✐s ❞❡♠♦♥str❛t❡❞ ❛r❡ ❛✈❛✐❧❛❜❧❡
✐♥ ❧✐t❡r❛t✉r❡ ✇✐t❤ ❞✐s❝✉ss✐♦♥ ♦❢ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s ❬✾✱ ✶✵❪✳ ▼✐❝r♦str✉❝✲
t✉r❡❞ r❡❛❝t♦rs ❛r❡ ♠♦st❧② ❛♣♣❧✐❡❞ ❢♦r t❤❡ r❡s❡❛r❝❤ ♣❤❛s❡✱ ❤♦✇❡✈❡r s♦♠❡ ♦❢ t❤❡♠
❛r❡ ❛❧s♦ ❡st❛❜❧✐s❤❡❞ ❢♦r ♣r♦❞✉❝t✐♦♥ ✐♥ ✐♥❞✉str② ❬✾✱ ✶✶❪✳
■♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ ❛♥❞ ❞❡s❝r✐❜❡ ♦r ♣r❡❞✐❝t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♠✐❝r♦str✉❝t✉r❡❞
r❡❛❝t♦rs ✐♥ ♠✉❧t✐♣❤❛s❡ ✢♦✇ ♦♥❡ ♥❡❡❞s t♦ ❦♥♦✇ ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣❤②s✐❝❛❧
♣❤❡♥♦♠❡♥❛✳ ❋♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❧♦❝❛❧ ✐♥❢♦r♠❛t✐♦♥ t✇♦ ✇❛②s ❡①✐st✿ ❡①♣❡r✐♠❡♥✲
t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥✳ ❙❤♦rt❝♦♠✐♥❣s ♦❢ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ✐♥
♠✐❝r♦✲s❝❛❧❡ ❛♥❞ ❛❞✈❛♥t❛❣❡s ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝ ✭❈❋❉✮ ❝♦❞❡s t♦ ✈✐✲
s✉❛❧✐③❡ t❤❡ s②st❡♠ ❜❡❤❛✈✐♦r ❡♥❝♦✉r❛❣❡ ✉s❛❣❡ ❛♥❞ ✐♠♣r♦✈❡♠❡♥t ♦❢ ❈❋❉ ♠❡t❤♦❞s
❛♥❞ t♦♦❧s✳ ◆♦✇❛❞❛②s ❝♦♠♠❡r❝✐❛❧ ❈❋❉ ❝♦❞❡s ❛r❡ ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡✲
t✇❡❡♥ t✇♦ ✐♠♠✐s❝✐❜❧❡ ✢♦✇s✳ ❍♦✇❡✈❡r✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r
✇✐t❤ ❝♦✉♣❧❡❞ ♠❛ss ❜❛❧❛♥❝❡ t♦ ♣r♦✈✐❞❡ ❣❛s ✈♦❧✉♠❡ ❝❤❛♥❣❡s ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
r❡❛❝t✐♦♥ ✐♥ ♠✉❧t✐♣❤❛s❡ s②st❡♠s ❛r❡ ♠✐ss✐♥❣ ♦r ❛r❡ ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t ❬✶✷❪✳ ❚❤❡r❡✲
✶
✶✳ ▼❖❚■❱❆❚■❖◆
❢♦r❡✱ ❛ tr❡♥❞ ✐♥ ♠✐❝r♦ ❝❤❡♠✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ❡①♣❡r✐♠❡♥t❛❧❧② ❛♥❞
♥✉♠❡r✐❝❛❧❧② ❤❡t❡r♦❣❡♥❡♦✉s❧② ❝❛t❛❧②③❡❞ ❣❛s✲❧✐q✉✐❞ r❡❛❝t✐♦♥s t♦ ❝♦✈❡r t❤❡s❡ ❣❛♣s
❬✾❪✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❜② ♠❡❛♥s ♦❢ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ❛♥❞
✐♠♣❧❡♠❡♥t✐♥❣ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s s❤♦✉❧❞ ♣r♦✈✐❞❡ t♦ ❝♦♥tr♦❧ ❛♥❞ t♦ ♠❛♥❛❣❡ t❤❡
❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ✐♥ ❛ ❞❡s✐r❡❞ ✇❛② ❛♥❞ t❤✉s t♦ ✐♥❝r❡❛s❡ t❤❡ ❜❡♥❡✜t ❢♦r ✐♥❞✉s✲
tr②✳ P❤❛r♠❛❝❡✉t✐❝❛❧ ❛♥❞ ✜♥❡ ❝❤❡♠✐❝❛❧ ♣r♦❞✉❝t✐♦♥ ✐s ❝♦♠♠♦♥❧② ❛ ♠✉❧t✐♣❧❡✲st❛❣❡
MDI
65%
Agricultural chemicals
4%
Pharmaceuticals
2%
Miscellaneous
6%
Dyes and pigments
5%
Rubber processeing 
chemicals
18%
❋✐❣✉r❡ ✶✳✶✿ P❡r❝❡♥t❛❣❡ ♦❢ ❛♥✐❧✐♥❡ ❝♦♥s✉♠♣t✐♦♥ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✐♥❞✉str② ❬✶❪
s②♥t❤❡s✐s ❛♥❞ ♦❢t❡♥ ✐♥✈♦❧✈❡s ❝❛t❛❧②t✐❝ ❤②❞r♦❣❡♥❛t✐♦♥✳ ❋♦r t❤✐s r❡❛s♦♥ t❤✐s ✇♦r❦
✐s ❞❡❞✐❝❛t❡❞ t♦ s✐♠✉❧❛t✐♦♥ ❛t s✉❝❤ ❛ s②st❡♠ ✉s✐♥❣ ❛ ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡ ❛♥❞ ♥♦✈❡❧
s✉❜r♦✉t✐♥❡s ❜❛s❡❞ ♦♥ ✜♥✐t❡ ✈♦❧✉♠❡ ♠❡t❤♦❞ ✭❋❱▼✮ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ s✐♠✲
✉❧❛t✐♦♥s ✇✐t❤ ❛♥❛❧②t✐❝ r❡s✉❧ts ❛♥❞ s♦♠❡ r❡❧❡✈❛♥t ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢r♦♠ ❧❛❜✲
♦r❛t♦r② ❛♥❞ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ❤❛s ❜❡❡♥
❝❤♦s❡♥ ❛s ❛ ♠♦❞❡❧ ♠✉❧t✐♣❤❛s❡ r❡❛❝t✐♦♥✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❧✐t❡r❛t✉r❡
❛♥❞ ✇❤✐❝❤ ✐s ❛❧s♦ ♦❢ ✐♥❞✉str✐❛❧ ✐♠♣♦rt❛♥❝❡✳ ❆♥✐❧✐♥❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❤❛s ❛ ✇♦r❧❞✇✐❞❡
♣r♦❞✉❝t✐♦♥ ❝❛♣❛❝✐t② ♦❢ ✶✳✹ ♠✐❧❧✐♦♥ t♦♥s ♣❡r ②❡❛r ❛♥❞ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❛s ✼✽✪ ♦❢
❛♥✐❧✐♥❡ ✐s ✉s❡❞ ❢♦r ♣r♦❞✉❝t✐♦♥ ♦❢ ✐s♦❝②❛♥✐❞❡s ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✳ ■t ✐s ♣r♦❞✉❝❡❞ ❝♦♠✲
♠❡r❝✐❛❧❧② ❜② t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✈✐❛ ❤②❞r♦❣❡♥❛t✐♦♥ ❛s ♣r❡❢❡rr❡❞ r♦✉t❡
❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✷ ❛♥❞ ✐t ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐♥t❡r♠❡❞✐❛t❡s ❢♦r ♠❛♥②
❞②❡s ❛♥❞ ❞r✉❣s ❬✶❪✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐s ❝✉rr❡♥t❧② ♣❡r❢♦r♠❡❞ ❛s ❛ ❤❡t❡r♦❣❡♥❡♦✉s❧②
❝❛t❛❧②③❡❞ ❣❛s ♣❤❛s❡ r❡❛❝t✐♦♥ ❛♥❞ ♣r❡❢❡r❛❜❧② ❝♦♥❞✉❝t❡❞ ✐♥ ❝♦❛t❡❞ r❡❛❝t✐♦♥ t✉❜❡s
✷
✶✳ ▼❖❚■❱❆❚■❖◆
❛s ✐t ✐s ❛ ❤✐❣❤❧② ❡①♦t❤❡r♠✐❝ r❡❛❝t✐♦♥✳ ❚❤❡ ♠✉❧t✐♣❤❛s❡ ♣r♦❝❡ss ❤❛s ❧❡ss ✐♥❞✉str✐❛❧
NO2 NH2
catalyst
+   2 H2O+      3 H2
 
❋✐❣✉r❡ ✶✳✷✿ ◆❡t r❡❛❝t✐♦♥ ♦❢ ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡
✐♠♣♦rt❛♥❝❡ t♦❞❛② ❛s ❛ r❡❝②❝❧❡ ♦❢ ❛♥✐❧✐♥❡ ✭❛♣♣r♦①✳ ✾✺✪✮ ✐s ♥❡❝❡ss❛r② t♦ ❞✐❧✉t❡
❛♥❞ r❡♠♦✈❡ r❡❛❝t✐♦♥ ❤❡❛t ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳ ❚❤✐s r❡❝②❝❧❡ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t
♣r♦❞✉❝t ❝❧❡❛♥✲✉♣ ❛r❡ ❝❧❡❛r❧② ✉♥❡❝♦♥♦♠✐❝✳ ❙✐♥❝❡ ♠✐❝r♦ ♣r♦❝❡ss ❡♥❣✐♥❡❡r✐♥❣ ♦✛❡rs
t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❢❛st ❤❡❛t r❡♠♦✈❛❧ ❛♥❞ ❝♦♥s✐❞❡r❛❜❧❡ ✐♥❝r❡❛s❡ ✐♥ ♠❛ss tr❛♥s❢❡r ❜②
❤✐❣❤ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ✐♥ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t✐♦♥✱ ❛ r❡❞✉❝t✐♦♥ ♦r r❡♠♦✈❛❧
♦❢ t❤❡ r❡❝②❝❧❡ ❝♦✉❧❞ ❜❡ ❛♥t✐❝✐♣❛t❡❞✳ ❋r♦♠ ❛ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s r❡❛❝✲
t✐♦♥ ✐s ❛❧s♦ s✉✐t❛❜❧❡ t♦ st✉❞② ♠❛ss ❛♥❞ ❤❡❛t tr❛♥s❢❡r ✐ss✉❡s s✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢
❜②✲♣r♦❞✉❝ts ✇✐❧❧ ❜❡ ❧✐♠✐t❡❞ ✉♥❞❡r t❡♠♣❡r❛t✉r❡ ❝♦♥tr♦❧ ❛♥❞ t❤✉s r❡❞✉❝❡s t❤❡ ❝❛❧✲
❝✉❧❛t✐♦♥ t✐♠❡ ✐♥ t❤❡ ❛❧r❡❛❞② ❝♦♠♣❧❡① ♠✉❧t✐♣❤❛s❡ s✐♠✉❧❛t✐♦♥ ❞✉❡ t♦ ❛ ❧❡ss ❝♦♠♣❧❡①
r❡❛❝t✐♦♥ ♥❡t✇♦r❦✳
✸
❈❤❛♣t❡r ✷
❙t❛t❡✲♦❢✲t❤❡✲❛rt
✷✳✶ ❊①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ❧✐t❡r❛t✉r❡
❘❡❛❝t♦r ❝♦♥✜❣✉r❛t✐♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ t♦ ♠✐♥✐♠✐③❡ ♠❛ss tr❛♥s❢❡r ❧✐♠✐t❛✲
t✐♦♥s✳ ❚❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t ♦♣t✐♦♥s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ✐♥t❡r❢❛❝❡
❜❡t✇❡❡♥ ❣❛s✲❧✐q✉✐❞✲s♦❧✐❞ ✭●▲❙✮ ♣❤❛s❡s✳ ❈r♦ss ✢♦✇ r❡❛❝t♦rs✱ ♠♦♥♦❧✐t❤ r❡❛❝t♦rs✱
♠❡♠❜r❛♥❡ r❡❛❝t♦rs ❛r❡ ❥✉st ❡①❛♠♣❧❡s ♦❢ ❛❞✈❛♥❝❡❞ r❡❛❝t♦r ❞❡s✐❣♥s ❢r♦♠ ❧✐t❡r❛t✉r❡
❬✶✸✱ ✶✹❪✳
❚❤❡ ♠❛✐♥ ❢♦❝✉s ✐♥ t❤✐s ❝❤❛♣t❡r ✐s✱ ❤♦✇❡✈❡r✱ ♥♦t ♦♥ t❤❡ r❡❛❝t♦r t②♣❡s ❜✉t ♦♥
t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ st❡♣s ♦❝❝✉rr✐♥❣ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s❧② ❣❛s ❧✐q✉✐❞ r❡❛❝t✐♦♥✿
✐♥✢✉❡♥❝❡ ♦❢ ❤②❞r♦❞②♥❛♠✐❝s ✭✢♦✇ r❡❣✐♠❡s ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s✮✱ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✐♥✲
t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ❢r♦♠ ❣❛s t♦ ❧✐q✉✐❞✳ ❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡rs ✇❤✐❝❤ ❛r❡
r❡❧❡✈❛♥t ❢♦r ❣❛s✲❧✐q✉✐❞ s②st❡♠s ❛♥❞ t❤❡✐r ♠❡❛♥✐♥❣ ❛t ❞✐✛❡r❡♥t ♠❛❣♥✐t✉❞❡s ✐s ❜r✐❡✢②
❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿
❘❡②♥♦❧❞s ♥✉♠❜❡r ✭❘❡✮ ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss r❛t✐♦ ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢♦r❝❡s t♦ ✈✐s✲
❝♦s✐t② ❢♦r❝❡s ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✢♦✇ r❡❣✐♠❡ ✭❧❛♠✐♥❛r✱ t✉r❜✉❧❡♥t ✢♦✇✮ ✐♥ t❤❡
s②st❡♠✳ ❙✐♥❝❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ▲ ✐s t❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ♠✐❝r♦❝❤❛♥♥❡❧✱ t❤❡
❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ✉s✉❛❧❧② ❧♦✇❀ ✈❛❧✉❡s ✐♥❞✐❝❛t❡ t②♣✐❝❛❧❧② ❧❛♠✐♥❛r ✢♦✇✳
Re =
ρLU
µ
✭✷✳✶✮
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡r ❢♦r ♠✉❧t✐♣❤❛s❡ ✢♦✇ ✐♥ ♠✐❝r♦r❡✲
✹
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❛❝t♦rs ✐s t❤❡ ❈❛♣✐❧❧❛r② ♥✉♠❜❡r ✭❈❛✮ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ r❛t✐♦ ♦❢ ❢♦r❝❡s ❜❡t✇❡❡♥
✈✐s❝♦s✐t② ❛♥❞ s✉r❢❛❝❡ t❡♥s✐♦♥✱ ❛♥❞ ✐t ✐♥❞✐❝❛t❡s ✇❤❡t❤❡r t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❝❛♥
♣❧❛② ❛ r♦❧❡ ♦♥ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ♦r ♥♦t✳
Ca =
µU
σ
✭✷✳✷✮
❲❤❡♥ t❤❡ ❘❡ ♥✉♠❜❡r ✐s ❣r❡❛t❡r t❤❛♥ ✶ t❤❡ ❲❡❜❡r ♥✉♠❜❡r ✭❲❡✮ ✐s ✐♥t❡r❡st✐♥❣
❛s ✐t ✐♥❞✐❝❛t❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥ ♦♥ t❤❡ ❜✉❜❜❧❡ s❤❛♣❡✳ ❚❤❡ ❲❡❜❡r
♥✉♠❜❡r ✐s ❛ r❛t✐♦ ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ ❢♦r❝❡ ❛♥❞ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡✳
We =
ρU2L
σ
✭✷✳✸✮
■❢ ❲❡ ❛♥❞ ❈❛ ♥✉♠❜❡rs ❛r❡ ❣r❡❛t❡r t❤❛♥ ✉♥✐t②✱ t❤❡♥ ✐♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥
❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳
❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ✇❛②s t♦ ❞❡✜♥❡ t❤❡ ❍❡♥r② ♥✉♠❜❡r ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ❥✉♠♣ ✐♥ ✐♠♠✐s❝✐❜❧❡ ✢✉✐❞s ❬✶✺❪✳ ■♥ t❤✐s ✇♦r❦ ✐t ✐s ❞❡✜♥❡❞ ❛s
H =
Csat (saturation concentration at liquid interface)
Cgas (gas species concentration in dispersed gas phase)
✭✷✳✹✮
❚❤❡ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ✭❙❤✮ ✐s r❡❧❡✈❛♥t ❢♦r t❤❡ ♠❛ss tr❛♥s❢❡r ♦♣❡r❛t✐♦♥✳ ■t
r❡♣r❡s❡♥ts t❤❡ r❛t✐♦ ♦❢ ❝♦♥✈❡❝t✐✈❡ t♦ ❞✐✛✉s✐✈❡ ♠❛ss tr❛♥s♣♦rt✳ ❚❤❡ ❤✐❣❤❡r t❤❡
♥✉♠❜❡r t❤❡ ❜❡tt❡r ✐s t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r ❜② ❝♦♥✈❡❝t✐♦♥✳
Sh =
kL
D
✭✷✳✺✮
❚❤❡ ❙❝❤♠✐❞t ♥✉♠❜❡r ✭❙❝✮ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ ♠♦♠❡♥t✉♠ ❞✐✛✉s✐✈✐t②
✭✈✐s❝♦s✐t②✮ ❛♥❞ ♠❛ss ❞✐✛✉s✐✈✐t②✱ ❛♥❞ ✐s ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ✢✉✐❞ ✢♦✇s ✐♥ ✇❤✐❝❤
t❤❡r❡ ❛r❡ s✐♠✉❧t❛♥❡♦✉s ♠♦♠❡♥t✉♠ ❛♥❞ ♠❛ss tr❛♥s❢❡r ♣r♦❝❡ss❡s✳ ■t ♣❤②s✐❝❛❧❧② r❡✲
❧❛t❡s t❤❡ r❡❧❛t✐✈❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ❧❛②❡r ❛♥❞ ♠❛ss tr❛♥s❢❡r ❜♦✉♥❞❛r②
❧❛②❡r✳ ■t ✐s ♥♦t ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ r❡❛❝t♦r s②st❡♠✱ s✐♥❝❡ ✐t ✐s ♦♥❧② ❛ ✢✉✐❞ ♣r♦♣❡rt②✳
✺
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
Sc =
µ
ρD
✭✷✳✻✮
❚❤❡ P❡❝❧❡t ♥✉♠❜❡r ✭P❡✮ ✐s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡r r❡❧❡✈❛♥t ✐♥ t❤❡ st✉❞② ♦❢
tr❛♥s♣♦rt ♣❤❡♥♦♠❡♥❛ ✐♥ ✢✉✐❞ ✢♦✇s✳ ■t ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ r❛t✐♦ ♦❢ t❤❡ r❛t❡
♦❢ ❛❞✈❡❝t✐♦♥ ♦❢ ❛ ♣❤②s✐❝❛❧ q✉❛♥t✐t② ❜② t❤❡ ✢♦✇ t♦ t❤❡ r❛t❡ ♦❢ ❞✐✛✉s✐♦♥ ♦❢ t❤❡
s❛♠❡ q✉❛♥t✐t② ❞r✐✈❡♥ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❣r❛❞✐❡♥t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s♣❡❝✐❡s ♦r ♠❛ss
❞✐s♣❡rs✐♦♥✱ t❤❡ P❡❝❧❡t ♥✉♠❜❡r ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛♥❞ t❤❡
❙❝❤♠✐❞t ♥✉♠❜❡r✳
Pe =
LU
D
= ReSc ✭✷✳✼✮
✷✳✶✳✶ ●❛s✲▲✐q✉✐❞ ✢♦✇ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ ♠✐♥✐✲ ❛♥❞ ♠✐❝r♦❝❤❛♥✲
♥❡❧s
■♥ ♦r❞❡r t♦ ♠♦♥✐t♦r t❤❡ ✢✉✐❞ r❡❣✐♠❡ ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✮ ❝✉rr❡♥t
♠❡t❤♦❞s ❛r❡ t❤❡ ❞✐❧✉t✐♦♥✲❜❛s❡❞ ♠❡t❤♦❞ ❬✶✻❪✱ ♠✐❝r♦ ♣❛rt✐❝❧❡ ✐♠❛❣❡ ✈❡❧♦❝✐♠❡tr②
❬✶✻❪✱ ✐♠❛❣✐♥❣ t❡❝❤♥✐q✉❡s ❬✶✼❪✱ ❛♥❞ ♥♦♥ ✐♥tr✉s✐✈❡ s❡♥s♦rs ❬✶✽❪✳ ❆ ❣❡♥❡r❛❧ ❝❧❛ss✐✜❝❛✲
t✐♦♥ ♦❢ ✢♦✇ ♣❛tt❡r♥ ✇✐t❤ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❞♦♠✐♥❛♥t ❢♦r❝❡s ✐s ♣✉❜❧✐s❤❡❞ ❜② ❙❤❛♦
❡t ❛❧✳ ❬✶✾❪✳ ❇✉❜❜❧② ✢♦✇ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❜✉❜❜❧❡s s♠❛❧❧❡r t❤❛♥ t❤❡ ❝❤❛♥♥❡❧
❞✐❛♠❡t❡r✳ P❧✉❣ ✢♦✇ ✭❛❧s♦ ❦♥♦✇♥ ❛s s❡❣♠❡♥t❡❞✱ s❧✉❣✱ ❡❧♦♥❣❛t❡❞ ❜✉❜❜❧❡✱ ❜✉❜❜❧❡
tr❛✐♥ ♦r ❚❛②❧♦r ✢♦✇ ❬✶✾❪✮ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❡❧♦♥❣❛t❡❞ ❜✉❜❜❧❡s ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥t
❞✐❛♠❡t❡r ❧❛r❣❡r t❤❛♥ t❤❡ ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r✳ ❈❤✉r♥ ✢♦✇ ✐s ❛ tr❛♥s✐t✐♦♥❛❧ r❡❣✐♠❡
❜❡t✇❡❡♥ ❚❛②❧♦r ✢♦✇ ❛♥❞ ❛♥♥✉❧❛r ✢♦✇✳ ●❡♥❡r❛❧❧② ✐t ♦❝❝✉rs ❛t ❤✐❣❤ ❣❛s ❛♥❞ ❧✐q✉✐❞
✈❡❧♦❝✐t✐❡s✳ ❆♥♥✉❧❛r ✢♦✇ ♦❝❝✉rs ❛t ❤✐❣❤ s✉♣❡r✜❝✐❛❧ ❣❛s ✈❡❧♦❝✐t② ✐♥ t❤❡ s②st❡♠✳
❉r♦♣ ✢♦✇ ✐s ♥♦t ❛ ❝♦♠♠♦♥ ✢♦✇ ♣❛tt❡r♥ ✐♥ ♠✐❝r♦❝❤❛♥♥❡❧s ❞✉❡ t♦ t❤❡ r❡q✉✐r❡❞ ❧♦✇
❞r♦♣ ❞✐❛♠❡t❡rs✳
❚❤❡r❡ ❡①✐sts ❛ ❞✐s♣✉t❡ ❛❜♦✉t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❣r❛✈✐t② ❢♦r❝❡ ♦♥ t❤❡ ✢♦✇
r❡❣✐♠❡ ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s✳ ❙♦♠❡ ✐♥✈❡st✐❣❛t♦rs r❡♣♦rt ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣r❛✈✐t②
❢♦r❝❡ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞❀ ♦♥ t❤❡ ❛♥♦t❤❡r ❤❛♥❞✱ s♦♠❡ ✐♥✈❡st✐❣❛t♦rs s❛② t❤❛t ✐t s❤♦✉❧❞
❜❡ ❝♦♥s✐❞❡r❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ tr❛♥s✐t✐♦♥❛❧ ✢♦✇ ♣❛tt❡r♥ ♠❛♣ ♣✉❜❧✐s❤❡❞ ❜② ❍❛ss❛♥
✻
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
a) b) c) d) e)             
❋✐❣✉r❡ ✷✳✶✿ ❚②♣✐❝❛❧ ✢♦✇ r❡❣✐♠❡s ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s✿ ❛✮ ❇✉❜❜❧② ✢♦✇ ❜✮ P❧✉❣ ✢♦✇
❝✮ ❈❤✉r♥ ✢♦✇ ❞✮ ❆♥♥✉❧❛r ✢♦✇ ❡✮ ❉r♦♣ ✢♦✇
❡t ❛❧✳ ❬✷❪ ✭❋✐❣✉r❡ ✷✳✷✮ ❜❛s❡❞ ♦♥ ❝♦♠♣r❡❤❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ❞❛t❛ ❝❧❡❛r❧② s❤♦✇ t❤❛t
t❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ tr❛♥s✐t✐♦♥ ♦❢ ✢♦✇ r❡❣✐♠❡ ✐♥ ❤♦r✐③♦♥t❛❧ ✭♥♦
✐♥✢✉❡♥❝❡ ♦❢ ❜✉♦②❛♥❝②✮ ❛♥❞ ✈❡rt✐❝❛❧ ✢♦✇ ✭✇✐t❤ ✐♥✢✉❡♥❝❡ ♦❢ ❜✉♦②❛♥❝②✮✳ ●r❛✈✐t②
❢♦r❝❡ s❤✐❢ts t❤❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s ♦❢ ✢♦✇ r❡❣✐♠❡ ❝♦♠♣❛r✐♥❣ t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡s ✇✐t❤
❞♦tt❡❞ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✷✳✷✳ ❋♦r ✐♥st❛♥❝❡✱ ❜✉♦②❛♥❝② ♠❛② ❛ss✐st ❜✉❜❜❧❡s t♦ ❞❡t❛❝❤
❢r♦♠ t❤❡ ✐♥❧❡t❀ ❜✉❜❜❧② ✢♦✇ r❡❣✐♠❡ ❛♣♣❡❛rs ❛t ❛ s♠❛❧❧❡r s✉♣❡r✜❝✐❛❧ ❧✐q✉✐❞ ✈❡❧♦❝✐t②
✐♥ t❤❡ ✈❡rt✐❝❛❧ ❝❤❛♥♥❡❧ t❤❛♥ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❤❛♥♥❡❧✳
❙✐♥❝❡ t❤❡ ✢✉✐❞ r❡❣✐♠❡ ❤❛s ❛ ❜✐❣ ✐♥✢✉❡♥❝❡ ♦♥ ❤❡❛t ❛♥❞ ♠❛ss tr❛♥s❢❡r✱ r❡s✐❞❡♥❝❡
t✐♠❡✱ ❛♥❞ t❤✉s ♦♥ ♣r♦❞✉❝t q✉❛❧✐t② ❬✷✵❪✱ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✢✉✐❞ r❡❣✐♠❡ ✐s q✉✐t❡ ✐♠✲
♣♦rt❛♥t ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❡❛❝t❛♥t s②st❡♠✳ ❋❧✉✐❞ ♠❛♣s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡
❧✐t❡r❛t✉r❡ ♠♦st❧② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s✉♣❡r✜❝✐❛❧ ❣❛s ❛♥❞ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ✭s❡❡ ❋✐❣✉r❡
✷✳✷✮ ❬✷✱ ✷✶✱ ✷✷✱ ✷✸❪✳ ❍♦✇❡✈❡r✱ t❤♦s❡ ♠❛♣s ✉s✉❛❧❧② ❞♦ ♥♦t ✐♥ ❞❡❡♣ ❝♦♥s✐❞❡r ♣❤②s✐❝❛❧
♣r♦♣❡rt✐❡s ❛♥❞ ❣❡♦♠❡tr✐❝ ❛s♣❡❝ts✳ ■♥✢✉❡♥❝❡s ♦❢ t❤♦s❡ ❛s♣❡❝ts ♦♥ ✢✉✐❞ r❡❣✐♠❡ ✐♥
♠✉❧t✐♣❤❛s❡ s②st❡♠s ✇❡r❡ ❝♦♠♣r❡❤❡♥s✐✈❡❧② r❡✈✐❡✇❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ❢♦r s♣❡❝✐✜❝
s②st❡♠s ❬✶✾✱ ✷✹❪✳ ❋♦r ✐♥st❛♥❝❡ ❨✉❡ ❡t ❛❧✳ ❬✻❪ ✐♥✈❡st✐❣❛t❡❞ ✐♥✢✉❡♥❝❡ ♦❢ ❤②❞r❛✉❧✐❝ ❞✐✲
❛♠❡t❡r ♦❢ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧s ♦♥ ✢♦✇ r❡❣✐♠❡s ✐♥ s✐♥❣❧❡ ♠✐❝r♦❝❤❛♥♥❡❧ ❝♦♥t❛❝t♦rs
❛♥❞ ❢♦✉♥❞ t❤❛t s❧✉❣ ✢♦✇ ✐s ♠♦r❡ ❞♦♠✐♥❛♥t ❛t s♠❛❧❧❡r ❤②❞r❛✉❧✐❝ ❞✐❛♠❡t❡rs✳ ■♥ t❤❡
r❡s✉❧ts s❡❝t✐♦♥ t❤❡ ✢✉✐❞ ♠❛♣ ❢r♦♠ ❨✉❡ ❡t ❛❧✳ ❬✻❪ ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥
✼
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
 
❋✐❣✉r❡ ✷✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ✢♦✇ ♣❛tt❡r♥ tr❛♥s✐t✐♦♥ ❧✐♥❡s ✐♥ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧
❝❤❛♥♥❡❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ s✉♣❡r✜❝✐❛❧ ✈❡❧♦❝✐t② ❬✷❪
✷✳✶✳✷ ▼❛ss tr❛♥s❢❡r st✉❞✐❡s
❚❤❡ ❣❛s ❞✐ss♦❧✉t✐♦♥ ♣r♦❝❡ss ♦❢ ❛ s♣❤❡r✐❝❛❧ r✐s✐♥❣ ❣❛s ❜✉❜❜❧❡ ✇❛s ✐♥✈❡st✐❣❛t❡❞ ❡①✲
♣❡r✐♠❡♥t❛❧❧② ❜② ❚❛❦❡♠✉r❛ ❛♥❞ ❨❛❜❡ ❬✷✺❪ ✉s✐♥❣ ❛ ❞❡✈❡❧♦♣❡❞ t❡❝❤♥✐q✉❡ t❤❛t ❤❛s ❛
❝❤❛r❣❡❞✲❝♦✉♣❧❡❞ ❞❡✈✐❝❡ ✭❈❈❉✮ ❝❛♠❡r❛ ❝♦✉♣❧❡❞ ✇✐t❤ ❛ ♠✐❝r♦s❝♦♣❡ t♦ ❢♦❧❧♦✇ t❤❡
r✐s✐♥❣ ❜✉❜❜❧❡✳ ❇② ♠❡❛s✉r✐♥❣ t❤❡ ❜✉❜❜❧❡ s✐③❡ ❛♥❞ t❤❡ r✐s✐♥❣ s♣❡❡❞ ❢r♦♠ t❤❡ ❜✉❜❜❧❡
♠♦t✐♦♥ ❞❛t❛ ❝❛♣t✉r❡❞✱ t❤❡② ❝♦✉❧❞ ♣r❡❝✐s❡❧② ❡st✐♠❛t❡ t❤❡ ❞r❛❣ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡
❙❤❡r✇♦♦❞ ✭❙❤✮ ♥✉♠❜❡r ❢♦r t❤❡ ❞✐ss♦❧✉t✐♦♥ ♦❢ ❣❛s ❜✉❜❜❧❡s ❛t ❘❡②♥♦❧❞s ♥✉♠❜❡rs
❜❡❧♦✇ ✶✵✵✳ ❚❤❡② ❝♦♠♣❛r❡❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤ s❡✈❡r❛❧ ♣r♦♣♦s❡❞ ❡q✉❛✲
t✐♦♥s ❢♦r ❡st✐♠❛t✐♥❣ ❙❤✳ ❋✐♥❛❧❧②✱ t❤❡② ❞❡✈❡❧♦♣❡❞ ❛ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ❙❤ t❤❛t
♠❛② ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ ❘❡ ❁✶✵✵ ❛♥❞ P❡❃✶✳
✽
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
■♥✈❡st✐❣❛t♦rs ❙❤ ❝♦rr❡❧❛t✐♦♥
❍✐❣❜✐❡ ❬✷✻❪ ❙❤❂✶✳✶✸❘❡1/2 ❙❝1/2
❋ro¨ss❧✐♥❣ ❬✷✼❪ ❙❤❂✷✰✵✳✻❘❡1/2 ❙❝1/3
❈❤❛♦ ❬✷✽❪ ❙❤❂ 1.13
[
1−
(
2+3µg/µ
1+(ρgµg/ρµ)0.5
)
1.45
Re0.5
]
Pe1/2
❈❛❧❞❡r❜❛♥❦ ❬✷✾❪ ❙❤❂ ✵✳✹✷ ✭d
3
bub.∆ρ.ρl.g
µ2l
) 1/3 ❙❝1/2
❚❛❦❡♠✉r❛ ❬✷✺❪ ❙❤❂ 2√
π
[
1−
(
2
3(1+0.09Re2/3)3/4
)]
(2.5 + Pe1/2)
❚❛❜❧❡ ✷✳✶✿ Pr♦♣♦s❡❞ ❙❤ ❝♦rr❡❧❛t✐♦♥s ❢♦r ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡s ✐♥ ❧✐q✉✐❞ ❛t ❘❡②♥♦❧❞s
♥✉♠❜❡rs ✶ ❁ ❘❡ ❁ ✶✵✵ ❢r♦♠ ❧✐t❡r❛t✉r❡
▲❛s❡r✲✐♥❞✉❝❡❞ ✢✉♦r❡s❝❡♥❝❡ ✭▲■❋✮ t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ✉s❡❞ ❢♦r t❤❡
✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❞✐ss♦❧✈❡❞ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐♥ ❧✐q✉✐❞ ♣❤❛s❡✳ ❚❤✐s ♦♣t✐❝❛❧
t❡❝❤♥✐q✉❡ ✐s ♥♦♥✲✐♥tr✉s✐✈❡✳ ❘♦② ❛♥❞ ❉✉❦❡ ❬✸✵❪ ❢♦✉♥❞ ❛ s✐❣♥✐✜❝❛♥t ✈❛r✐❛t✐♦♥ ♦❢
❝♦♥❝❡♥tr❛t✐♦♥ ❜♦✉♥❞❛r② ❧❛②❡r t❤✐❝❦♥❡ss ✉s✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ ❢♦r ❛ ❢r❡❡ r✐s✐♥❣ ❜✉❜✲
❜❧❡✳ ❚❤❡② ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❢r♦♥t ♦❢ t❤❡ ❜✉❜❜❧❡ ❤❛s ❛ t❤✐♥ ❜♦✉♥❞❛r② ❧❛②❡r ❛♥❞
❤✐❣❤ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts ✇❤✐❧❡ r❡❛r ♦❢ t❤❡ ❜✉❜❜❧❡ ❤❛s ❧♦✇ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛✲
❞✐❡♥ts✳ ❆ ♣❧❛♥❛r ❧❛s❡r✲✐♥❞✉❝❡❞ ✢✉♦r❡s❝❡♥❝❡ ✭P▲■❋✮ t❡❝❤♥✐q✉❡ ❢♦r ✈✐s✉❛❧✐③✐♥❣ ❣❛s
❧✐q✉✐❞ ♠❛ss tr❛♥s❢❡r ❛♥❞ ✇❛❦❡ str✉❝t✉r❡ ♦❢ r✐s✐♥❣ ❣❛s ❜✉❜❜❧❡s ✐s ✉s❡❞ ❜② ❙t♦❤r ❡t
❛❧✳ ❬✹❪✳ ❉❛♥✐ ❡t ❛❧✳ ❬✸❪ ♣r❡s❡♥t❡❞ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ P▲■❋ t❡❝❤♥✐q✉❡ t♦ ♠❡❛s✉r❡
♦①②❣❡♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞s ✐♥ ❛♥ ❛q✉❡♦✉s ❧✐q✉✐❞✳ ❚❤❡s❡ t✇♦ st✉❞✐❡s ❢♦❝✉s❡❞ ♦♥
t❤❡ ❛❜✐❧✐t② ♦❢ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s ❢♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ ❧✐q✉✐❞
❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✸✳ ❍♦✇❡✈❡r t❤❡r❡ ✇❛s ♥♦ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♠❛ss
tr❛♥s❢❡r ✐♥ t❤❡✐r r❡s❡❛r❝❤❡s✳ ❆♥ ♦r✐❣✐♥❛❧ ❞✐r❡❝t ❛♥❞ ♥♦♥✲✐♥tr✉s✐✈❡ t❡❝❤♥✐q✉❡ ✉s✐♥❣
P❧❛♥❛r ▲❛s❡r ■♥❞✉❝❡❞ ❋❧♦r❡s❝❡♥❝❡ ✇✐t❤ ■♥❤✐❜✐t✐♦♥ ✭P▲■❋■✮ ✇❛s ♣r❡s❡♥t❡❞ t♦ q✉❛♥✲
t✐❢② t❤❡ ❧♦❝❛❧ ♠❛ss tr❛♥s❢❡r ❛r♦✉♥❞ ❛ s✐♥❣❧❡ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡ r✐s✐♥❣ ✐♥ ❧✐q✉✐❞ ❜②
❋r❛♥❝♦✐s ❡t ❛❧✳ ❬✸✶❪✳ ❚❤❡② ❝♦♠♣❛r❡❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤ t❤❡ ❙❤❡r✇♦♦❞ ♥✉♠✲
❜❡rs ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❋ro¨ss❧✐♥❣ ❛♥❞ ❍✐❣❜✐❡ ♠♦❞❡❧s ✉s❡❞ ❢♦r ❢✉❧❧② ❝♦♥t❛♠✐♥❛t❡❞
✾
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❛♥❞ ❝❧❡❛♥ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❘❡s✉❧ts s❤♦✇ t❤❛t ❛❧❧ ❡①♣❡r✐♠❡♥t❛❧
❙❤❡r✇♦♦❞ ♥✉♠❜❡rs ❛r❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧s✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ ♣r♦♣♦s❡❞ ❙❤
❝♦rr❡❧❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✶ ❢♦r ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡s ❛t ❧♦✇ ❘❡ ♥✉♠❜❡rs✳
❋r♦♠ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ❜✉t ❛❧s♦ t❤❡ ❞❡✈✐❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ❝♦rr❡❧❛t✐♦♥s
✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t ❛ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r ❞❡s❝r✐♣t✐♦♥ ❝♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧
❢♦r ♣r❡❞✐❝t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r ✐♥ ❣❡♥❡r❛❧✳
✷✳✷ ◆✉♠❡r✐❝❛❧ r❡s❡❛r❝❤❡s ✐♥ ❧✐t❡r❛t✉r❡
❚❤❡ ♥✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r ✐♥ t✇♦ ♣❤❛s❡ ✢♦✇s ❝❛♥ ❜❡ ❝❛t❡❣♦r✐③❡❞
❜② t✇♦ ♠❡t❤♦❞s✳ ❚❤❡ ✜rst ♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s ❛❧s♦ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❝♦♥s✐❞❡rs
t❤❡ ❞✐r❡❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤✐s ❞✐r❡❝t
❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ✐♥✈♦❧✈❡ ❛♥② ❡♠♣✐r✐❝❛❧ ♠♦❞❡❧s ❢♦r t❤❡ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✳
❆❧s♦ ✐♥ t❤✐s ♠❡t❤♦❞ t❤❡ ✢♦✇ ✜❡❧❞ ✐s s♦❧✈❡❞ ❜② t❤❡ ◆❛✈✐❡r−❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤✲
♦✉t ❛♥② ❡♠♣✐r✐❝❛❧ ❝♦rr❡❧❛t✐♦♥✳ ❆❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞
❢♦r ❛♥② t✇♦✲♣❤❛s❡ ✢♦✇ t♦♣♦❧♦❣②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s♠❛❧❧❡r t✐♠❡ st❡♣s ❛♥❞
✜♥❡r ❣r✐❞s ❛r❡ ♥❡❡❞❡❞ t♦ r❡s♦❧✈❡ ✇❡❧❧ t❤❡ ◆❛✈✐❡r−❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ s♣❡❝✐❡s
❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✳ ❯s❛❣❡ ♦❢ s♠❛❧❧❡r t✐♠❡ st❡♣s ❛♥❞ ✜♥❡r ❣r✐❞s ❡♥❞s ✉♣ ✇✐t❤
❤✐❣❤ ❈P❯ t✐♠❡✳ ❇❡❝❛✉s❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ❡✛♦rt✱ t❤❡ ♠❡t❤♦❞ ✐s ❝✉rr❡♥t❧② r❡str✐❝t❡❞
t♦ ❢✉♥❞❛♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ s❝✐❡♥t✐✜❝ ✐♥t❡r❡st✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♠♦t✐♦♥ ♦❢
t❤❡ ✐♥t❡r❢❛❝❡ ✐s ❛ ❦❡② ✐ss✉❡ ❛♥❞ ♥❡❡❞s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜② ♠❡❛♥s ♦❢ ❛♥ ✐♥t❡r❢❛❝❡
❝❛♣t✉r✐♥❣ ♠❡t❤♦❞✳ ■♥ t❤❡ ♣❛st✱ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ t✇♦✲✢✉✐❞ ✢♦✇s ✇✐t❤ ❞❡❢♦r♠❛❜❧❡ ✐♥t❡r❢❛❝❡s✳ ▼♦st ✇✐❞❡❧② ✉s❡❞ ♦♥❡s
❛r❡ t❤❡ ✈♦❧✉♠❡✲♦❢✲✢✉✐❞ ✭❱❖❋✮ ♠❡t❤♦❞ ❬✸✷❪✱ t❤❡ ❧❡✈❡❧✲s❡t ♠❡t❤♦❞ ❬✸✸❪ ❛♥❞ t❤❡
❢r♦♥t✲tr❛❝❦✐♥❣ ♠❡t❤♦❞ ❬✸✹❪✳ ❚❤❡ ❧❡✈❡❧✲s❡t ♠❡t❤♦❞ ❛♥❞ t❤❡ ❢r♦♥t✲tr❛❝❦✐♥❣ ♠❡t❤♦❞
❛r❡ ♥♦t ♣♦♣✉❧❛r ✐♥ ✇❡❧❧✲❦♥♦✇♥ ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡s✱ t❤❡r❡❢♦r❡ ✐♥ t❤❡ ❝♦❞❡s ❈❋❳✱
❋▲❯❊◆❚ ❛♥❞ ❙❚❆❘✲❈❉ t❤❡ ❱❖❋ ♠❡t❤♦❞ ✐s ❛✈❛✐❧❛❜❧❡ ❬✸✺❪✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ ✐♥✲
t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ❛♣♣r♦❛❝❤❡s ✐♥ t❤❡s❡ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣ ♠❡t❤♦❞s ✐s ♣r❡s❡♥t❡❞
✐♥ ❋✐❣✉r❡ ✷✳✹✳
■♥ t❤❡ s❡❝♦♥❞ ✐♥❞✐r❡❝t ❛♣♣r♦❛❝❤ ❛✈❡r❛❣❡❞ ❡q✉❛t✐♦♥s ✭❊✉❧❡r✲❊✉❧❡r ♠❡t❤♦❞✮ ❛r❡
s♦❧✈❡❞ ✐♥st❡❛❞ ♦❢ ❧♦❝❛❧ ❡q✉❛t✐♦♥s ♦r ♣r❡s✉♠❡❞ s❤❛♣❡ ♦❢ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ✭❊✉❧❡r✲
▲❛❣r❛♥❣❡ ♠❡t❤♦❞✮ ✐s ❝♦♥s✐❞❡r❡❞ t♦ s❛✈❡ ❈P❯ t✐♠❡✳ ❉✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s
t❤❛t t❤❡ ✢♦✇ r❡❣✐♠❡ ❛♥❞ r❡❧❡✈❛♥t ❡♠♣✐r✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s ✭♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✱
✶✵
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❋✐❣✉r❡ ✷✳✸✿ ✭❛✮ P▲■❋ ✐♠❛❣❡ ♦❢ ❛ r✐s✐♥❣ ❛✐r ❜✉❜❜❧❡ ❢r♦♠ ❉❛♥✐ ❡t ❛❧✳ ❬✸❪ ❛♥❞
✭❜✮ P▲■❋ ✐♠❛❣❡s ♦❢ ❛ r✐s✐♥❣ ❝❛r❜♦♥ ❞✐♦①✐❞❡ ❜✉❜❜❧❡ ❢r♦♠ ❙t♦❡❤r ❡t ❛❧✳ ❬✹❪ ❢♦r t❤❡
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❣❛s❡♦✉s s♣❡❝✐❡s ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❧✐q✉✐❞✳
✶✶
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❞r❛❣ ❝♦❡✣❝✐❡♥t✮ s❤♦✉❧❞ ❜❡ ❦♥♦✇♥ ✐♥ ❛❞✈❛♥❝❡✳ ❚❤❡r❡❢♦r❡ t❤❡② ❛❧✇❛②s r❡❧② ♦♥
❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s ❢♦r ♠❛ss tr❛♥s❢❡r ❛♥❞✴♦r ❤②❞r♦❞②♥❛♠✐❝s ❛♥❞ t❤✉s r❡q✉✐r❡
❛♣♣r♦♣r✐❛t❡ ❝❧♦s✉r❡ ♠♦❞❡❧s✳ ❚❤❡ r❡s❡❛r❝❤❡s ❛❜♦✉t ✐♥❞✐r❡❝t ♠❡t❤♦❞ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ❧✐t❡r❛t✉r❡ ❛♥❞ ♥♦t ❞✐s❝✉ss❡❞ ❢✉rt❤❡r✳
❋✐❣✉r❡ ✷✳✹✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣ ♠❡t❤♦❞s ✐♥ t✇♦✲♣❤❛s❡
✢♦✇✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞ ❜② ❛ s♦❧✐❞ ❣r❡❡♥ ❧✐♥❡ ❬✺❪✳
❉✉r✐♥❣ t❤❡ r❡s❡❛r❝❤ ❆♥s②s ❋❧✉❡♥t✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦♠♠❡r❝✐❛❧ ✇❡❧❧ ❦♥♦✇♥ ❈❋❉
❝♦❞❡✱ ✐s ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❤②❞r♦❞②♥❛♠✐❝ ♣❤❡♥♦♠❡♥❛ ✐♥ ♠✐❝r♦str✉❝t✉r❡❞ ❞❡✈✐❝❡s✳
❚❤❡ ❱❖❋ ♠❡t❤♦❞ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❜② ❍✐rt ❛♥❞ ◆✐❝❤♦❧s ❬✸✷❪✳ ❚❤❡ ❜❛s✐❝
❝♦♥❝❡♣t ♦❢ t❤❡ ❱❖❋ ♠❡t❤♦❞ ✐s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ s❝❛❧❛r q✉❛♥t✐t②
❢✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤ ❝❡❧❧ ✈♦❧✉♠❡ ♦❝❝✉♣✐❡❞ ❜② t❤❡ ❝♦♥t✐♥✉♦✉s
♣❤❛s❡✱ ✇❤✐❝❤ ✐s ❤❡r❡ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❛s ✐t ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✺✳ ❚❤✉s✱
❢♦r ❢ ❂ ✵ t❤❡ ♠❡s❤ ❝❡❧❧ ✐s ❡♥t✐r❡❧② ✜❧❧❡❞ ✇✐t❤ ❧✐q✉✐❞✱ ✇❤✐❧❡ ❢♦r ❢ ❂ ✶ ✐t ✐s ❡♥t✐r❡❧②
✜❧❧❡❞ ✇✐t❤ ❣❛s✳ ■♥ ❛ ♠❡s❤ ❝❡❧❧ ✇❤✐❝❤ ❤❛s ❜♦t❤ ♣❤❛s❡s✱ ✐t ✐s ✵ < ❢ < ✶✳
❚❤❡ ❱❖❋ ♠❡t❤♦❞ ❣✐✈❡s t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❞✐s❝r❡t✐③❡ ✇✐t❤ P✐❡❝❡✇✐s❡ ▲✐♥❡❛r
■♥t❡r❢❛❝❡ ❈❛❧❝✉❧❛t✐♦♥ ✭P▲■❈✮ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ②✐❡❧❞s t❤❡ ♠♦st r❡❛❧✐st✐❝ s❤❛♣❡ ♦❢ t❤❡
❞✐s♣❡rs❡❞ ♣❤❛s❡ ❬✸✺❪✳ ❋♦r ❡①❛♠♣❧❡✱ ❚❛❤❛ ❛♥❞ ❈✉✐ ❬✸✻❪ ♣❡r❢♦r♠❡❞ ❈❋❉ st✉❞✐❡s ♦♥
❜✉❜❜❧❡ s✐③❡ s❤❛♣❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s ✐♥ ❜✉❜❜❧❡ ❛♥❞ s❧✉❣ ❜② ✉s✐♥❣ t❤❡ ❱❖❋ ♠♦❞❡❧ ✐♥
t❤❡ ❋❧✉❡♥t ♣❛❝❦❛❣❡✳ ❈♦♠♣✉t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ❛♥❞ ❞✐❛♠❡t❡r ✇❡r❡ ✐♥
✶✷
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
 
PLIC  
(Piecewise 
Linear 
Interface 
Calculation) 
❋✐❣✉r❡ ✷✳✺✿ ❱♦❧✉♠❡ ♦❢ ✢✉✐❞ ♠❡t❤♦❞ ✇✐t❤ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❜✉❜❜❧❡ ❜② P▲■❈
✭P✐❡❝❡✇✐s❡ ▲✐♥❡❛r ■♥t❡r❢❛❝❡ ❈❛❧❝✉❧❛t✐♦♥✮✳ ❨❡❧❧♦✇ ❂ ❣❛s ♣❤❛s❡✱ ✇❤✐t❡ ❂ ❧✐q✉✐❞❀
♥✉♠❜❡rs ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶ ❂ ❝❡❧❧s ✇✐t❤ ❜♦t❤ ♣❤❛s❡s✳
❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ✇✐t❤ ♣✉❜❧✐s❤❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ❚❤✉❧❛s✐❞❛s
❡t ❛❧✳ ❬✸✼❪✳ ◗✐❛♥ ❛♥❞ ▲❛✇❛❧ ❬✸✽❪ st✉❞✐❡❞ ♥✉♠❡r✐❝❛❧❧② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣❡♦♠❡tr✐❡s
❛♥❞ ✐♥❧❡t ❝♦♥❞✐t✐♦♥s ♦♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ s❧✉❣ ❧❡♥❣t❤s ✐♥ ♠✐❝r♦r❡❛❝t♦rs ✉s✐♥❣ t❤❡
❱❖❋ ♠❡t❤♦❞ ✐♥ ❆♥s②s ❋❧✉❡♥t ❝♦❞❡ ❛♥❞ ❢♦✉♥❞ ❝♦♥s✐st❡♥❝② ✇✐t❤ ❧✐t❡r❛t✉r❡ r❡s✉❧ts✳
O¨③❦❛♥ ❡t ❛❧✳ ❬✸✺❪ ❡✈❛❧✉❛t❡❞ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❈❋❉ ❝♦❞❡s ❢♦r t❤❡ ❜✉❜❜❧❡ tr❛✐♥
✢♦✇s ✐♥ ♠✐♥✐❝❤❛♥❡❧❧s ✉s✐♥❣ ❱❖❋ ♠❡t❤♦❞ ❛♥❞ ❢♦✉♥❞ t❤❛t ❱❖❋✲P▲■❈ ✐s t❤❡ ♠♦st
r♦❜✉st ♦♥❡ ✐♥ ❆♥s②s ❋❧✉❡♥t✳ ❚❤❡s❡ r❡s❡❛r❝❤❡s ❛r❡ ❥✉st ❛ ❝♦✉♣❧❡ ♦❢ ❡①❛♠♣❧❡s ❢r♦♠
❧✐t❡r❛t✉r❡ ❢♦r t❤❡ ❛❜✐❧✐t② ♦❢ t❤❡ ❱❖❋ ♠❡t❤♦❞ ✐♥ t❤❡ ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡✳
■♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ✐♥✢✉❡♥❝✐♥❣ t❤❡ ✢♦✇ r❡❣✐♠❡ ✐♥ ♠✐❝r♦r❡❛❝t♦rs ❛r❡ s✉r❢❛❝❡
t❡♥s✐♦♥✱ ❝♦♥t❛❝t ❛♥❣❧❡ ✭♣❛rt✐❝✉❧❛r❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥✮✱ ✈♦❧✉♠❡tr✐❝
✢♦✇ r❛t✐♦✱ ❣r❛✈✐t② ✭✐❢ t❤❡ ❝❤❛♥♥❡❧ ✐s ♦r✐❡♥t❡❞ ✈❡rt✐❝❛❧❧②✮ ❛♥❞ ❝❤❛♥♥❡❧ ❣❡♦♠❡tr②
❬✸✾✱ ✹✵✱ ✹✶❪✳
❙✐♥❝❡ ♠♦❞❡❧✐♥❣ ♦❢ ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ✐♥ ♠✉❧t✐♣❤❛s❡ s②st❡♠ ✐s ❝♦♠♣❧❡①✱
t❤❡ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ✐s ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ s♣❤❡r✐❝❛❧ s❤❛♣❡ ❛♥❞ ♠♦t✐♦♥❧❡ss t♦ ❞❡s❝r✐❜❡
t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠❛ss tr❛♥s❢❡r ✐♥ ♣r❡✈✐♦✉s st✉❞✐❡s ❬✹✷❪✳ ❚❤r❡❡ ❝❛s❡s
❢♦r ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r ❝❛♥ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ❞✉❡ t♦ t❤❡ ✐♥✈❡st✐❣❛t❡❞ ♣❤❛s❡
♦r ♣❤❛s❡s ✭s❡❡ ❋✐❣✉r❡ ✷✳✻✮✳
❛✮ ❘❡s✐st❛♥❝❡ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r ♦❝❝✉rs ✐♥ ❜♦t❤ ♣❤❛s❡s ✭❝♦♥❥✉❣❛t❡ ♠❛ss
✶✸
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
Dispersed 
Phase
Continuous Phase
Conjugate Mass 
Transfer
Dispersed 
Phase
Continuous Phase
Internal Mass 
Transfer
Dispersed 
Phase
Continuous Phase
External Mass 
Transfer
❋✐❣✉r❡ ✷✳✻✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥s ❢♦r r❡❧❡✈❛♥t ♠❛ss tr❛♥s✲
❢❡r✭❍❡♥r②❂✶✮✳ ❚❤❡ s♣❡❝✐❡s ❝♦♥❝❡♥tr❛t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞✳
tr❛♥s❢❡r✮✳
❜✮ ❘❡s✐st❛♥❝❡ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r ✐s ✐♥ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ✭✐♥t❡r♥❛❧ ♠❛ss tr❛♥s✲
❢❡r✮✳
❝✮ ❘❡s✐st❛♥❝❡ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r ✐s ✐♥ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ ✭❡①t❡r♥❛❧ ♠❛ss tr❛♥s✲
❢❡r✮✳
❚❤❡ ✜rst ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❱❖❋♠❡t❤♦❞
❤❛s ❜❡❡♥ r❡♣♦rt❡❞ ❜② ❖❤t❛ ❛♥❞ ❙✉③✉❦✐ ❬✹✸❪✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞ t❤r❡❡ ✈❛❧✉❡s ♦❢ t❤❡
❙❝❤♠✐❞t ♥✉♠❜❡r ✭❙❝❂ ✶✵✱ ✶✵✵✱ ✶✵✵✵✮ ❢♦r ❛ r✐s✐♥❣ ❞r♦♣❧❡t ✐♥ ❛ s♦❧✈❡♥t ❡①tr❛❝t✐♦♥
♣r♦❝❡ss t♦ s✐♠✉❧❛t❡ ❝♦♥❥✉❣❛t❡ ♠❛ss tr❛♥s❢❡r ❛♥❞ ♥✉♠❡r✐❝❛❧❧② ♦❜t❛✐♥❡❞ t❤❛t ♠❛ss
tr❛♥s❢❡r ✐♥ ❢r❡❡ r✐s✐♥❣ ❞r♦♣❧❡ts ❞❡♣❡♥❞s ♦♥ t❤❡ ❞r♦♣ s❤❛♣❡ ❛♥❞ ✐ts ♣❤②s✐❝❛❧ ♣r♦♣❡r✲
t✐❡s✳ ❚❤❡② ❛❧s♦ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐s str♦♥❣❧② ❧✐♥❦❡❞ ✇✐t❤ t❤❡
✢♦✇ ✜❡❧❞✳ ❉❛✈✐❞s♦♥ ❛♥❞ ❘✉❞♠❛♥ ❬✹✹❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ✐♥t❡r♥❛❧ ♠❛ss tr❛♥s❢❡r ❢♦r
❛ ❞r♦♣❧❡t r✐s✐♥❣ ✐♥ ❛ ❧✐q✉✐❞ ❝♦❧✉♠♥ ✉s✐♥❣ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❝♦♥✈❡❝✲
t✐✈❡ ❛♥❞ ❞✐✛✉s✐✈❡ ❤❡❛t ♦r ♠❛ss tr❛♥s❢❡r ❜❛s❡❞ ♦♥ t❤❡ ❱❖❋ ♠❡t❤♦❞✳ ■♥ t❤❡s❡ t✇♦
♣❛♣❡rs ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥s ❛❝r♦ss t❤❡ ✐♥t❡r❢❛❝❡ ✐s ❛ss✉♠❡❞ ✭❍❡♥r②
♥✉♠❜❡r ✐s ✉♥✐t②✮✳ ❙❛t♦ ❡t ❛❧✳ ❬✹✺❪ ❞❡✈❡❧♦♣❡❞ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ❢♦r
✶✹
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
Cgas
Cdis
Interface
H<1

	

∆X
Csat,L
Cgas
Cdis
H=1
Csat,G =Csat,L
a)
b)
c)
Cdis
Csat,G
H<1
Cgas
Csat,G
Csat,L
Cdis
Csat,L
H≠1
Ohta & Suzuki (1996)
Sato et al. (2000)
Onea et al. (2009)
❋✐❣✉r❡ ✷✳✼✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ✐♥t❡r❢❛❝✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥s✳ ❙❝❤❡♠❛t✐❝ ✈✐❡✇ ♦❢ t❤❡ r❡❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❝✉r✈❡ ✐s ❞❡♠♦♥str❛t❡❞ ♦♥ t❤❡ ❧❡❢t
s✐❞❡✱ ♦♥ t❤❡ r✐❣❤t ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❚❤❡ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡✳
s♦❧✈✐♥❣ t✇♦✲♣❤❛s❡ ✢♦✇ ✇✐t❤ ♠❛ss tr❛♥s❢❡r t❤r♦✉❣❤ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ✐s
❞❡t❡r♠✐♥❡❞ ❜② ❛ ❢r♦♥t✲❝❛♣t✉r✐♥❣ ♠❡t❤♦❞ s♦❧✈✐♥❣ t❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ♦❢ ♠❛r❦❡r
❞❡♥s✐t② ❢✉♥❝t✐♦♥✳ ❋r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✱ ♠❛ss ♦❢ t❤❡ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ❞✐ss♦❧✈❡s ✐♥t♦
t❤❡ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ ❛♥❞ ❞✐♠✐♥✐s❤❡s ❛t t❤❡ r❛t❡ ♦❢ ❞✐ss♦❧✉t✐♦♥✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞
t❤❡ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ♦♥❧② ✐♥ ❧✐q✉✐❞ ♣❤❛s❡✳ ❇♦t❤❡ ❡t ❛❧✳ ❬✹✻❪ ♥✉♠❡r✐❝❛❧❧② ✐♥✲
✈❡st✐❣❛t❡❞ ♦①②❣❡♥ tr❛♥s❢❡r ❢r♦♠ ❛♥ ❛✐r ❜✉❜❜❧❡ ❛♥❞ ❜✉❜❜❧❡ tr❛✐♥ ✢♦✇ ✐♥t♦ ❧✐q✉✐❞
♣❤❛s❡ ❛t ❙❝❤♠✐❞t ♥✉♠❜❡rs ❜❡t✇❡❡♥ ✶ t♦ ✶✵✵✵ ✉s✐♥❣ t❤❡ ❱❖❋ ♠❡t❤♦❞✳ ❚❤❡ ❝♦♥✲
❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✐s ♠♦❞❡❧❡❞ ❞✐s❝♦♥t✐♥✉♦✉s ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❍❡♥r②
♥✉♠❜❡r t♦ ♣r♦✈✐❞❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❥✉♠♣ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❆ s✐♠✐❧❛r ♠❡t❤♦❞
♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ✭❞✐s❝♦♥t✐♥✉♦✉s ❛t t❤❡ ✐♥t❡r❢❛❝❡✮ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② ❖♥❡❛ ❡t
❛❧✳ ❬✹✼❪ ❢♦r ✉♣✇❛r❞ ❜✉❜❜❧❡ tr❛✐♥ ✢♦✇ ✇✐t❤✐♥ sq✉❛r❡ ❛♥❞ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧s✳
✶✺
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❚❤❡② ♠♦❞❡❧❡❞ t❤r❡❡ tr❛♥s♣♦rt st❡♣s ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s ♥❛♠❡❧②❀ ♠❛ss tr❛♥s❢❡r✱ ♠❛ss
tr❛♥s❢❡r ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s❧② r❡❛❝t✐♦♥ ✐♥ ❧✐q✉✐❞ ♣❤❛s❡✱ ❛♥❞ ♠❛ss tr❛♥s❢❡r ✇✐t❤
❤❡t❡r♦❣❡♥❡♦✉s❧② r❡❛❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ♣❧❛❝❡s ❛t ❝❤❛♥♥❡❧ ✇❛❧❧s✳ ❚❤❡② ❝♦♥s✐❞❡r❡❞
❛ ❜✉❜❜❧❡ ❛♥❞ s✉rr♦✉♥❞✐♥❣ ❧✐q✉✐❞ ✇✐t❤ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t♦ ♣r♦✈✐❞❡
❜✉❜❜❧❡ tr❛✐♥ ✢♦✇ ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s ❛♥❞ t❤❡♥ ♥❛♠❡❞ t❤✐s ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛s
❛ ✉♥✐t ❝❡❧❧✳ ❚❤❡✐r st✉❞② ❢♦❝✉s❡s ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧ ❧❡♥❣t❤✱ ❧✐q✉✐❞ s❧✉❣
❧❡♥❣t❤ ❛♥❞ ❝❤❛♥♥❡❧ ❛s♣❡❝t r❛t✐♦ ♦♥ ♠❛ss tr❛♥s❢❡r✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡ ♠❛❥♦r
♣❛rt ♦❢ ♠❛ss tr❛♥s❢❡r ✐s ❛t t❤❡ ❜✉❜❜❧❡ ❢r♦♥t ❛♥❞ r❡❛r s♦ t❤❛t s❤♦rt ✉♥✐t ❝❡❧❧s ❛r❡
♠♦r❡ ❡✣❝✐❡♥t ❢♦r ❞❡s❝r✐❜✐♥❣ ♠❛ss tr❛♥s❢❡r✳ ■❢ t❤❡ ♠❛✐♥ ♠❛ss tr❛♥s❢❡r r❡s✐st❛♥❝❡
✐s ✐♥ ❣❛s ♣❤❛s❡ ❛t ❢❛st ❤❡t❡r♦❣❡♥❡♦✉s r❡❛❝t✐♦♥ ♦♥ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧s ❧♦♥❣ ✉♥✐t ❝❡❧❧s
❛r❡ ♠♦r❡ ❡✣❝✐❡♥t✳ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ✐♥t❡r❢❛❝✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈❋❉ ❝♦❞❡s ✐♥ ❧✐t❡r❛t✉r❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✼✳ ❖♥ t❤❡
❧❡❢t s✐❞❡ t❤❡ r❡❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❝✉r✈❡ ✐s ❞❡♠♦♥str❛t❡❞✳ ❖♥ t❤❡ r✐❣❤t t❤❡ ❞✐✛❡r❡♥t
♠❡t❤♦❞s ❢♦r ❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ ❞❡s❝r✐♣t✐♦♥ ❛t ✐♥t❡r❢❛❝❡ ❛r❡ ❡①♣❧❛✐♥❡❞✳ ❖❤t❛ ❛♥❞
❙✉③✉❦✐ ❬✹✸❪ ✇❛s ♥♦t ❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❥✉♠♣ ❜❡❝❛✉s❡ ♦❢ ✉♥✐t② ♦❢
❍❡♥r② ♥✉♠❜❡r✳ ❙❛t♦ ❡t ❛❧✳ ❬✹✺❪ ❞✐❞ ♥♦t ❝♦♥s✐❞❡r t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐❜✉t✐♦♥
✐♥ ❞✐s♣❡rs❡❞ ♣❤❛s❡✳ ❚❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❖♥❡❛ ❡t ❛❧✳ ❬✹✼❪ ❞♦❡s ♥♦t ❛❧❧♦✇ ❝❤❛♥❣❡ ♦❢
❞✐s♣❡rs❡❞ ♣❤❛s❡ ✈♦❧✉♠❡ ❞✉❡ t♦ ♠❛ss tr❛♥s❢❡r✳
◆✉♠❡r✐❝❛❧ ♠❛ss tr❛♥s❢❡r st✉❞✐❡s ❜❛s❡❞ ♦♥ ❈❋❉ ❛♣♣r♦❛❝❤❡s ❛r❡ s✉♠♠❛r✐③❡❞
❛♥❞ ❝❛t❡❣♦r✐③❡❞ ✐♥ t❤❡ ❚❛❜❧❡ ✷✳✷✳
❇❡❝❛✉s❡ ♦❢ t❤❡ s❤♦rt❝♦♠✐♥❣s ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❢♦r ✈✐s✉❛❧✐③❛t✐♦♥
♦❢ ♠❛ss tr❛♥s❢❡r ✐♥ ❣❛s✲❧✐q✉✐❞ ✢♦✇ t②♣❡s✱ t❤✐s P❤❉ ✇♦r❦ ❞❡❛❧s ✇✐t❤ ✐♥t❡r❢❛❝✐❛❧
♠❛ss tr❛♥s❢❡r ❜② ❤❡❧♣ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s ✭❈❋❉✮ ♠❡t❤♦❞s✳ ❆
❞✐r❡❝t ♠❡t❤♦❞ ✇❛s ❝❤♦s❡♥ ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ♠♦❞❡❧✐♥❣ ❛s ✐t ❝❛♥ ❜❡ ✉s❡❞
❢♦r ❛♥② t②♣❡ ♦❢ t✇♦ ♣❤❛s❡ ✢♦✇✳ ❙✐♥❝❡ t❤❡ ❣❛s ❞✐str✐❜✉t✐♦♥ ✐♥ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ✐s
♥♦t ✐♠♣♦rt❛♥t ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s❧② ❝❛t❛❧②③❡❞ ❣❛s✲❧✐q✉✐❞ r❡❛❝t✐♦♥s✱ ❡①t❡r♥❛❧ ♠❛ss
tr❛♥s❢❡r ❢r♦♠ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ✐♥t♦ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡ ✐s ♠♦❞❡❧❡❞ ✉s✐♥❣ ❱❖❋✲P▲■❈
♠❡t❤♦❞ ✐♥ ❆♥s②s ❋❧✉❡♥t ❧✐❦❡ ❙❛t♦ ❛♣♣r♦❛❝❤ ❬✹✺❪✳ ❍♦✇❡✈❡r✱ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡
♠❡t❤♦❞ ♦❢ ❙❛t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞s ✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❧✐q✉✐❞ ♣❤❛s❡
✐♥ t❤✐s t❤❡s✐s ❝❛♥ ❜❡ ❡❛s✐❧② ❛❞❞❡❞ ❢♦r t❤❡ ❣❛s ♣❤❛s❡ ❛♥❞ ❧❡❛❞ t♦ ❛ ❢✉❧❧ ❞❡s❝r✐♣t✐♦♥
❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ❝❛s❡s✳ ❋♦r t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r r❡s✉❧ts ♥✉♠❡r✐❝❛❧
❙❤ ♥✉♠❜❡rs ❛♥❞ ♣r♦♣♦s❡❞ ❙❤ ♥✉♠❜❡rs ❢r♦♠ ❈❛❧❞❡r❜❛♥❦ ❬✷✾❪ ❛♥❞ ❈❤❛♦ ❬✷✽❪ ❛r❡
❝♦♠♣❛r❡❞ ✐♥ r❡s✉❧ts s❡❝t✐♦♥✳
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❖❤t❛ ❛♥❞ ❙✉③✉❦✐ ✭✶✾✾✻✮ ❬✹✸❪ ❆ ❘✐s✐♥❣ ❉r♦♣❧❡t ✐♥ ❛✐r ✶✵✱✶✵2✱✶✵3 ❱❖❋ ❈♦♥❥✉❣❛t❡ ◆♦
❙❛t♦ ❡t✳❛❧ ✭✷✵✵✵✮ ❬✹✺❪ ❆ ❘✐s✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✶ ▼✳❉✳❋ ❊①t❡r♥❛❧ ❨❡s
P❡t❡r❛ ❛♥❞ ❲❡❛t❤❡r❧❡② ✭✷✵✵✶✮ ❬✹✽❪ ❆ ❋❛❧❧✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✶✵4 ❋✳❊✳▼ ❈♦♥❥✉❣❛t❡ ◆♦
❲❛❤❡❡❞ ❡t✳❛❧ ✭✷✵✵✷✮ ❬✹✾❪ ❆ ❋❛❧❧✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✶✵3 ❋✳❊✳▼
❉❛✈✐❞s♦♥ ❛♥❞ ❘✉❞♠❛♥ ✭✷✵✵✷✮ ❬✹✹❪ ❆ ❘✐s✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✲ ❱❖❋ ❈♦♥❥✉❣❛t❡ ◆♦
❇♦t❤❡ ❡t ❛❧✳ ✭✷✵✵✸✲✷✵✵✹✮ ❬✹✻❪ ❆ ❘✐s✐♥❣ ❇✉❜❜❧❡ ✐♥ ❧✐q✉✐❞ ✶≤❙❝≤✶✵3 ❱❖❋ ❈♦♥❥✉❣❛t❡ ◆♦
❨❛♥❣ ❛♥❞ ▼❛♦✭✷✵✵✺✮ ❬✺✵❪ ❆ ❘✐s✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✸✵✵✵ ▲✳❙ ❈♦♥❥✉❣❛t❡ ◆♦
❑♦②♥♦✈ ✭✷✵✵✺✲✷✵✵✻✮ ❬✺✶✱ ✺✷❪ ❆ ❘✐s✐♥❣ ❇✉❜❜❧❡ ✐♥ ❧✐q✉✐❞ ✻✷≤❙❝≤✹✸✶ ❋✳❚ ❊①t❡r♥❛❧ ◆♦
❉❛r♠❛♥❛ ❡t ❛❧✳ ✭✷✵✵✻✮ ❬✺✸❪ ❆ ❘✐s✐♥❣ ❇✉❜❜❧❡ ✐♥ ❧✐q✉✐❞ ✶ ❋✳❚ ❊①t❡r♥❛❧ ◆♦
❲❛♥❣ ❡t ❛❧✳ ✭✷✵✵✽✮ ❬✺✹❪ ❆ ❘✐s✐♥❣ ❉r♦♣❧❡t ✐♥ ❧✐q✉✐❞ ✶ ▲✳❙ ❈♦♥❥✉❣❛t❡ ◆♦
❖♥❡❛ ❡t ❛❧✳ ✭✷✵✵✾✮ ❬✹✼❪ ❆ ❘✐s✐♥❣ ❇✉❜❜❧❡ ✐♥ ❧✐q✉✐❞ ✵✳✽ ❱❖❋ ❈♦♥❥✉❣❛t❡ ◆♦
●❛♥❣✉❧✐ ❛♥❞ ❑❡♥✐❣ ✭✷✵✶✶✮ ❬✺✺❪ ❆ ❘✐s✐♥❣ ❇✉❜❜❧❡ ✐♥ ❧✐q✉✐❞ ✺✵✵ ▲✳❙ ❈♦♥❥✉❣❛t❡ ◆♦
❚❛❜❧❡ ✷✳✷✿ ◆✉♠❡r✐❝❛❧ ♠❛ss tr❛♥s❢❡r st✉❞✐❡s ✐♥ ❈❋❉ ✇✐t❤ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❛♣♣❧✐❡❞ ♠❡t❤♦❞ ❛♥❞ ▼❛ss ❚r❛♥s❢❡r ❈❛s❡
✭▼✳❚✳❈✮✿ ▼♦❞✐✜❡❞ ❉❡♥s✐t② ❋✉♥❝t✐♦♥ ✭▼✳❉✳❋✳✮✱ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❋✳❊✳▼✮✱ ▲❡✈❡❧ ❙❡t ✭▲✳❙✮✱ ❋r♦♥t ❚r❛❝❦✐♥❣
✭❋✳❚✳✮
✶✼
✷✳ ❙❚❆❚❊✲❖❋✲❚❍❊✲❆❘❚
❆s ❛ s✉♠♠❛r②✱ ✐♥✈❡st✐❣❛t❡❞ ✐ss✉❡s ✐♥ t❤✐s P❤❉ ✇♦r❦ ❛r❡ ✶✮ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣
❛t ❛ ❝❡rt❛✐♥ ✐♥❧❡t ❣❡♦♠❡tr② ❛♥❞ s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥s ✭❧♦✇ ❧✐q✉✐❞ ✢♦✇ r❛t❡s✮ ✇✐t❤
❱❖❋✲P▲■❈ ♠❡t❤♦❞ ✷✮ tr❛♥s❢❡r ♦❢ ♠❛ss ❢r♦♠ ❣❛s ✐♥t❡r❢❛❝❡ ✐♥t♦ ❝♦♥t✐♥✉♦✉s ♣❤❛s❡
❜❛s❡❞ ♦♥ ❞✐r❡❝t ♠❡t❤♦❞ ❛♥❞ ❡s♣❡❝✐❛❧❧② ✸✮ s❤r✐♥❦❛❣❡ ♦❢ ❣❛s ❜❡❝❛✉s❡ ♦❢ ♠❛ss tr❛♥s❢❡r
r❛t✐♦✳ ❚❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ✇✐t❤ ❞✐ss♦❧✈❡❞ s♣❡❝✐❡s ♦♥ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧s ✇❛s ❛❧s♦
st❛rt❡❞ ✐♥ t❤✐s t❤❡s✐s ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ✐ss✉❡s ✶✲✸ ❜✉t t❤❡ r❡q✉✐r❡❞ t✐♠❡ st❡♣
t✐♠❡ ✐s s♦ s♠❛❧❧ ❛♥❞ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡ ✐s t♦♦ ❧❛r❣❡ ❢♦r t♦❞❛②✬s ❈P❯ ♣♦✇❡r✳ ■♥ ♦r❞❡r
t♦ ♠♦❞❡❧ t❤❡ ♠❛ss tr❛♥s❢❡r t❤❡ r❡q✉✐r❡❞ s♦✉r❝❡ t❡r♠s ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞
✐♥t♦ ✈♦✐❞ ❢r❛❝t✐♦♥✱ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ s♣❡❝✐❡s tr❛♥s♣♦rt ❡q✉❛t✐♦♥✳ ■♥ t❤❡ ♥❡①t
❝❤❛♣t❡r ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ❢♦r t✇♦
♣❤❛s❡ ✢♦✇✱ ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ◆✉♠❡r✐❝❛❧
r❡s✉❧ts ♦❢ t✇♦ ♣❤❛s❡ ✢♦✇ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✹✳ ❈❤❛♣t❡r ✺ ✐s ❞❡♥♦t❡❞ ❢♦r
❞✐r❡❝t ♥✉♠❡r✐❝❛❧ ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ♠♦❞❡❧✳
✶✽
❈❤❛♣t❡r ✸
❊①♣❡r✐♠❡♥t❛❧ ❘❡s❡❛r❝❤❡s
❚❤✐s ❝❤❛♣t❡r ✐s ❡①❝❧✉s✐✈❡❧② ❞❡✈♦t❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❋✐rst✱ ❝♦♥t❛❝t ❛♥❣❧❡
♠❡❛s✉r❡♠❡♥ts ❛r❡ ❞❡s❝r✐❜❡❞✳ ❋♦r ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s
r❡q✉✐r❡❞ ❛s ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❈♦♥t❛❝t ❛♥❣❧❡s ❢♦r ♥✐tr♦❜❡♥③❡♥❡✲❤②❞r♦❣❡♥✲
st❛✐♥❧❡ss st❡❡❧ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡✲❤②❞r♦❣❡♥✲❝❛r❜♦♥ s②st❡♠s ✇❡r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣
t❤❡ s❡ss✐❧❡ ❞r♦♣ ♠❡t❤♦❞ ❛t ✈❛r✐♦✉s ♣r❡ss✉r❡s✳ ❘❡s✉❧ts ❢r♦♠ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ t✇♦✲
♣❤❛s❡ ✢♦✇ ✇✐t❤ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡✱ ✇❤✐❝❤ ✐s ✉s❡❞ ❛s ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱
❛r❡ r❡♣♦rt❡❞ ❛t ❈❤❛♣t❡r ✺✳ ❚❤❡s❡ r❡s✉❧ts t❤❡♥ ✐♥❝❧✉❞❡ ✢♦✇ ❢♦r ❡✈❡♥ ❛ ✇✐❞❡r
r❛♥❣❡ ♦❢ ❝♦♥t❛❝t ❛♥❣❧❡s ❛s t❤❡ ♠❡❛s✉r❡❞ ❝♦♥t❛❝t ❛♥❣❧❡s✳ ❙❡❝♦♥❞❧②✱ ❡①♣❡r✐♠❡♥t❛❧
✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✢♦✇ r❡❣✐♠❡s ❛r❡ ❞❡s❝r✐❜❡❞✳ ❚✇♦ ✐♥❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭s❡❡
❚❛❜❧❡ ✸✳✶✮ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ ✇❡r❡ ❛♣♣❧✐❡❞ ✐♥t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ t♦
❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts✳
✸✳✶ ❊①♣❡r✐♠❡♥t❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ st❛t✐❝ ❝♦♥✲
t❛❝t ❛♥❣❧❡
❚❤✐s s❡❝t✐♦♥ ✐s ❛ s❤♦rt ❡①❝✉rs✐♦♥ ✐♥t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✲
t❛❝t ❛♥❣❧❡ ✇❤✐❝❤ ✐s ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞
❬✹✶✱ ✺✻❪✳ ❚❤❡ s②st❡♠ ❤②❞r♦❣❡♥✴♥✐tr♦❜❡♥③❡♥❡ ❛♥❞ ♣♦❧✐s❤❡❞ ❝❛r❜♦♥ ♦r st❛✐♥❧❡ss st❡❡❧
♠❛t❡r✐❛❧ ✇❡r❡ ❛♥❛❧②③❡❞ ❛s ♠♦❞❡❧ r❡♣r❡s❡♥t✐♥❣ t❤❡ s✐t✉❛t✐♦♥ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r
♦❢ ✢✉✐❞s✲❝❛t❛❧②st ❛♥❞ ✢✉✐❞s✲r❡❛❝t♦r ✇❛❧❧ ✐♥t❡r❛❝t✐♦♥s✳
■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ❛ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♠❡t❤♦❞s ❛✈❛✐❧✲
✶✾
✸✳ ❊❳P❊❘■▼❊◆❚❆▲ ❘❊❙❊❆❘❈❍❊❙
 
❋✐❣✉r❡ ✸✳✶✿ ❙t❛t✐❝ s❡ss✐❧❡ ❞r♦♣ ❛♥❛❧②s✐s s❡t✉♣
❛❜❧❡ ❬✺✼❪✳ ❖♥❡ ♦❢ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞s ✐s t❤❡ st❛t✐❝ s❡ss✐❧❡ ❞r♦♣
♠❡t❤♦❞✱ ✇❤✐❝❤ ✐s r❡❝♦♠♠❡♥❞❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❢r♦♠ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ ✜✈❡ ❞✐✛❡r❡♥t
❝♦♥t❛❝t ❛♥❣❧❡ ♠❡❛s✉r❡♠❡♥t ♠❡t❤♦❞s ❬✺✽❪✳ ❋♦r t❤❡ st❛t✐❝ s❡ss✐❧❡ ❞r♦♣ ♠❡t❤♦❞✱ ❛
❝❛♠❡r❛✱ ❛ ❧✐❣❤t s♦✉r❝❡✱ ❛♥❞ ❛ st❛❣❡ ❛r❡ r❡q✉✐r❡❞✳ ❚❤❡ ❝❛♠❡r❛ ❝❛♣t✉r❡s ❛ ♣❤♦t♦ ♦❢
❛ ❞r♦♣ ♦❢ ❧✐q✉✐❞ ♦♥ ❛ ✢❛t✱ s♦❧✐❞ ♠❛t❡r✐❛❧ ❧✐t ❜② ❛ ♣❛r❛❧❧❡❧ ❧✐❣❤t ❜❡❛♠✳
❚❤❡ ❛♣♣❧✐❡❞ s❡t✲✉♣ s❤♦✇♥ ✐♥ ✸✳✶ ❝♦♥s✐st ♦❢ ❛♥ ♦♣t✐❝❛❧ ❝❡❧❧ ✭❙■❚❊❈ ❆●✱ ▼❛✉r✱❩✉❡r✐❝❤✱
✼✹✵✳✷✵✽✻✮ ✇✐t❤ s❛♣♣❤✐r❡ ✇✐♥❞♦✇s ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❞r♦♣❧❡t✱ ❣❛s ✐♥tr♦❞✉❝✲
t✐♦♥ ✇✐t❤ ♣r❡ss✉r❡ r❡❣✉❧❛t✐♦♥ ✭❘♦t❛r❡①✴❙▼❚✱ ●❡♥❧✐s✱ ❋r❛♥❝❡✱ ❙▲✷✷✺✲✶✻✮✱ ❛♥❞ ❧✐q✲
✉✐❞ ❞♦s✐♥❣ t❤r♦✉❣❤ ♠❡❛♥s ♦❢ ❛ ❤❛♥❞✲♦♣❡r❛t❡❞ ♣✉♠♣ ✭❙■❚❊❈ ❆●✱ ▼❛✉r✱❩✉❡r✐❝❤✱
✼✺✵✳✶✹✵✵✮✳ ❆♥ ■♠❛❣✐♥❣ ❙♦✉r❝❡ ❈✸✺✶✻✲▼ ✭❑P✮ ✭✸✺ ♠♠ ❢♦❝❛❧ ❧❡♥❣t❤✮ ❧❡♥s ✇✐t❤ ✺
♠♠ ❛♥❞ ✶✵ ♠♠ ❡①t❡♥s✐♦♥ r✐♥❣s ✇❛s ✉s❡❞ ✇✐t❤ ❛ ❙❖◆❨ ❆❱❈✲❉✺❈❊ ❈❈❉ ❝❛♠❡r❛
❬✺✾❪✳ ❆ ❧✐❣❤t ✭❍▲❱✲✷✹❙❲✲◆❘✲✸❲✱ ❈❈❙ ■♥❝✳✱ ❏❛♣❛♥✮ ✇❛s ♣❛ss❡❞ t❤r♦✉❣❤ ❛ s❡r✐❡s
♦❢ ❧❡♥s❡s t♦ ❝r❡❛t❡ ❛ ♣❛r❛❧❧❡❧ ❜❡❛♠ ❛s ✐t ✐s s❤♦✇♥ ❋✐❣✉r❡ ✸✳✶✳ ❙♣❡❝✐❛❧ ✢❛tt❡♥❡❞
❝❛❧✐❜r❛t✐♦♥ s♣❤❡r❡s ♠❛❞❡ ❢r♦♠ ♠❡t❛❧✱ ✇❤✐❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥t♦ t❤❡ ❝❡❧❧ t♦ r❡♣✲
r❡s❡♥t ❛ ❞r♦♣✱ ✇❡r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❛❜s♦❧✉t❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ✭✸✳✺ ✪✮ ♦❢
t❤❡ ✇❤♦❧❡ s❡t✉♣✳
■♠❛❣❡s ❝♦❧❧❡❝t❡❞ ❢r♦♠ t❤❡ ❛♣♣❛r❛t✉s ✇❡r❡ ❛♥❛❧②③❡❞ ✇✐t❤ ❛ ❢r❡❡✲s♦❢t✇❛r❡ ✭■♠✲
❛❣❡❏ ✇✐t❤ ❉r♦♣❙♥❛❦❡ ♣❧✉❣✲✐♥✮ ✉s❡❞ t♦ ♣❛rt✐❝✉❧❛r❧② ❡①❛♠✐♥❡ t❤❡ ❞r♦♣ s❤❛♣❡ ✐♥
❞❡t❛✐❧✳ ❚❤❡ s♦❢t✇❛r❡ ✜ts t❤❡ ❞r♦♣ ❝♦♥t♦✉r ✇✐t❤ ❛ s♣❧✐♥❡ ❛♥❞ ❞❡t❡r♠✐♥❡s t❤❡
❝♦♥t❛❝t ❛♥❣❧❡ ❬✻✵❪✳ ❲❤❡♥ ❛♥❛❧②③✐♥❣ ❞r♦♣s✱ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ ✇❡r❡
r❡♣❡❛t❡❞ ✉♥t✐❧ t❤❡ ❛♥❣❧❡s ❛♥❞ ❝✉r✈❡s ✇❡r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧
✐t❡r❛t✐♦♥s✳ ❙✐♥❝❡ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ❛♥❞ ✉♥❝❧❡❛♥ s✉r❢❛❝❡s ❤❛✈❡ ❛ ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥
t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ❬✻✶❪✱ ♦❜s❡r✈❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♠❛❞❡
✷✵
✸✳ ❊❳P❊❘■▼❊◆❚❆▲ ❘❊❙❊❆❘❈❍❊❙
♦♥ ♣♦❧✐s❤❡❞ ♠❛t❡r✐❛❧✱ ❛♥❞ t❤❡ s✉r❢❛❝❡s ❤❛✈❡ ❜❡❡♥ ❝❧❡❛♥❡❞ ❝❤❡♠✐❝❛❧❧② ❛♥❞ ♠❡❝❤❛♥✲
✐❝❛❧❧②✳ ❆❝❡t♦♥❡ ✇❛s ✉s❡❞ t♦ ❝❧❡❛♥ t❤❡ ✢❛t✱ s♦❧✐❞ ♠❛t❡r✐❛❧ ❢r♦♠ ❞✉sts ❛♥❞ ♦t❤❡r
✉♥✇❛♥t❡❞ s✉❜st❛♥❝❡s✱ ❛♥❞ t❤❡♥ t❤❡ s♦❧✐❞ ♠❛t❡r✐❛❧ ✇❛s ✇❛s❤❡❞ ✇✐t❤ ❤♦t ✇❛t❡r✳
❋✐♥❛❧❧②✱ ✐t ✇❛s ❞r✐❡❞ ✇✐t❤ ♣r❡ss✉r✐③❡❞ ❛✐r✳
■♠♣♦rt❛♥t ♣❛r❛♠❡t❡rs ❢♦r st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❞r♦♣ s✐③❡✱
♣r❡ss✉r❡✱ t❡♠♣❡r❛t✉r❡✱ s✉r❢❛❝❡ ♠❛t❡r✐❛❧✱ ❛♥❞ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ♦❢ t❤❡ ♠❛t❡r✐❛❧
❢r♦♠ ✇❤✐❝❤ t❤❡ ♠✐❝r♦❝❤❛♥♥❡❧s ❛r❡ ❝r❡❛t❡❞ ❬✻✶✱ ✻✷✱ ✻✸❪✳ ■♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✐t
✇❛s ❢♦❝✉s❡❞ ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣r❡ss✉r❡ ❛♥❞ ♠❛t❡r✐❛❧✳ ❈♦♥❝❡r♥✐♥❣ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ ✐♥❞✐❝❛t✐♦♥ ❢♦r ❛ str♦♥❣ ✐♥✢✉❡♥❝❡ s✐♥❝❡ t❤❡ ♠✐❝r♦r❡❛❝t♦r ✐s
✉s✉❛❧❧② ♦♣❡r❛t❡❞ ❛t ❛ t❡♠♣❡r❛t✉r❡✲♣r❡ss✉r❡ ❝♦♠❜✐♥❛t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❧✐q✉✐❞
✐s ❢❛r ❢r♦♠ t❤❡ ❜♦✐❧✐♥❣ ♣♦✐♥t✳ ❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❢❡r t♦ t❤❡
♦❜s❡r✈❛t✐♦♥s ♦❢ ❇❡r♥❛r❞✐♥ ❡t ❛❧✳ ❬✻✶❪ ❢♦r ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡
♦❢ t❤❡ s②st❡♠ ✇❛t❡r✲❛✐r✲❛❧✉♠✐♥✉♠ ❛t ✈❛r✐♦✉s t❡♠♣❡r❛t✉r❡s ❛♥❞ ♣r❡ss✉r❡s✳ ❚❤❡②
♦❜s❡r✈❡❞ t❤❛t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❡♠♣❡r❛t✉r❡ ✐s ♠✐♥♦r ✉♥t✐❧ t❤❡ s✉r❢❛❝❡ t❡♠♣❡r❛t✉r❡
r❡❛❝❤❡s t❤❡ ✇❛t❡r ❜♦✐❧✐♥❣ t❡♠♣❡r❛t✉r❡✳ ❚❤❡♥ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ s✉❞❞❡♥❧② ❞❡❝r❡❛s❡s
✇✐t❤ ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ❬✻✶❪✳
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✴❤②❞r♦❣❡♥ ✴st❛✐♥❧❡ss st❡❡❧ ❛♥❞ ◆❍❈ ❂ ♥✐tr♦❜❡♥③❡♥❡ ✴❤②❞r♦❣❡♥ ✴❝❛r❜♦♥
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❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣r❡ss✉r❡ ♦♥ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷✳
❙t❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✐♥❝r❡❛s❡s s❧✐❣❤t❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♣r❡ss✉r❡✳ ❚❤✐s s❧✐❣❤t tr❡♥❞
✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ♣r❡ss✉r❡ ✐♥✢✉❡♥❝❡ ♦♥ st❛t✐❝ ❝♦♥t❛❝t ❛♥✲
❣❧❡s r❡♣♦rt❡❞ ❜② ❇❡r♥❛r❞✐♥ ❡t ❛❧✳ ❬✻✶❪✳ ❋♦r t❤❡ ❝❛r❜♦♥ s✉r❢❛❝❡ t❤❡ ♠❡❛♥ ❝♦♥t❛❝t
❛♥❣❧❡ ✐s ✺✳✻✻0 ✇✐t❤ ❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✵✳✺0✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❤②❞r♦✲
❣❡♥✴♥✐tr♦❜❡♥③❡♥❡✴❝❛r❜♦♥✱ ❛ ✺0 st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s ✉s❡❞ ❧❛t❡r✳
■♥ ❝❛s❡ ♦❢ st❛✐♥❧❡ss✲st❡❡❧✱ t❤❡ ♠❡❛♥ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s ✶✷✳✺✶0 ✇✐t❤ ❛ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ♦❢ ✶✳✼✶0✳ ❚❤❡ ❧♦✇❡st ❝♦♥t❛❝t ❛♥❣❧❡ ❛t ♦♥❡ ❜❛r ❛♠♦✉♥ts t♦ ✶✶✳✻✾0 ✇✐t❤
❛ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✶✳✷✷0✳ ❋♦r t❤❡ r❡s♣❡❝t✐✈❡ s✐♠✉❧❛t✐♦♥ ❛ ✈❛❧✉❡ ♦❢ ✶✷0 ✇❛s
✉s❡❞✳
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r❛t❡ ❂ ✷✳✺ ♠❧✴♠✐♥❀ ♥✐tr♦❜❡♥③❡♥❡ ♠❛ss ✢♦✇ r❛t❡ ✷✳✺ ❣✴❤✱ ✺ ❣✴❤✱ ✶✵ ❣✴❤✱ ✷✵ ❣✴❤✱
✸✵ ❣✴❤ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t s✐❞❡
✸✳✷ ❊①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ❢♦r ✢♦✇ r❡❣✐♠❡
■♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ♣❤❡♥♦♠❡♥❛ ✐♥ ❛ ✈❡rt✐❝❛❧❧② ❛rr❛♥❣❡❞
♠✐❝r♦❝❤❛♥♥❡❧ t❤❡ ✈♦❧✉♠❡tr✐❝ ✢♦✇ r❛t❡s ♦❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❤❛✈❡ ❜❡❡♥
✈❛r✐❡❞✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ✇❛s ✸✽✸ ❑ ❛♥❞ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✇❛s ❛♣♣❧✐❡❞ ❛t t❤❡
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❢r♦♠ ❧❡❢t t♦ r✐❣❤t s✐❞❡
❝❤❛♥♥❡❧ ♦✉t❧❡t✳ ❚❤❡ ❤②❞r♦❣❡♥ ✢♦✇ r❛t❡s ✇❡r❡ ✷✳✺ ♠❧ ✴♠✐♥ ❛♥❞ ✺ ♠❧ ✴♠✐♥ ❛t ❙❚P
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♠❛ss ✢♦✇ r❛t❡s ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✇❡r❡ ✷✳✺ ❣✴❤✱ ✺ ❣✴❤✱ ✶✵ ❣✴❤✱ ✷✵
❣✴❤ ❛♥❞ ✸✵ ❣✴❤✳ ❚❤❡ ❛♣♣❧✐❡❞ ♠✐❝r♦❝❤❛♥♥❡❧ ✐s r❡❝t❛♥❣✉❧❛r ✇✐t❤ ❞✐♠❡♥s✐♦♥s ♦❢ ✶
♠♠ ① ✵✳✹ ♠♠✳ ❚❤❡ ❝❤❛♥♥❡❧ ✇❛s ♠❡❝❤❛♥✐❝❛❧❧② ❢❛❜r✐❝❛t❡❞ ❛♥❞ ❛ ❝❛r❜♦♥ ❝❛t❛❧②st
✇❛s ❞❡♣♦s✐t❡❞ ♦♥ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧s✳ ❚❤❡ ❞❡t❛✐❧s ♦♥ ❝❛t❛❧②st ♣r❡♣❛r❛t✐♦♥ ✇❡r❡
♣✉❜❧✐s❤❡❞ ✐♥ t❤❡ ❇❛❝❤❡❧♦r t❤❡s✐s ♦❢ ❙✳ ●❡✐ss ❬✻✹❪✳ ❚❤❡ ❝❤❛♥♥❡❧ ✐s ❝♦✈❡r❡❞ ❜② ❛
❣❧❛ss s❤❡❡t ❛♥❞ t❤❡ ❤②❞r♦❣❡♥ ✐s s✉♣♣❧✐❡❞ ❢r♦♠ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ❝❤❛♥♥❡❧ ✈✐❛ ❛ ✶✵✵
µ♠ ❤♦❧❡✳ Pr❡ss✉r❡ ❞r♦♣ ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✱ ✐✳❡✳ ✐s ❧♦✇❡r t❤❛♥ ✵✳✵✹
❜❛r ♦♥ ❜♦t❤✱ t❤❡ ❤②❞r♦❣❡♥ ❛♥❞ t❤❡ ♥✐tr♦❜❡♥③❡♥❡ ✐♥❧❡t✳ ❈♦rr❡s♣♦♥❞✐♥❣ ❘❡②♥♦❧❞s
♥✉♠❜❡rs ❛t ❤②❞r♦❣❡♥ ✐♥❧❡t ❛♥❞ ❛t ♥✐tr♦❜❡♥③❡♥❡ ✐♥❧❡t ❛r❡ ✷✳✹✶ ❛♥❞ ✹✳✽✷✱ ✶✳✾✹ ❛♥❞
✷✷✳✸✱ r❡s♣❡❝t✐✈❡❧②✳ ❱♦❧✉♠❡tr✐❝ ✢♦✇ r❛t✐♦ ❜❡t✇❡❡♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ ✐s ❜❡t✇❡❡♥ ✶✸✺
❛♥❞ ✻✳
■♥ ❋✐❣✉r❡ ✸✳✸ ❛♥❞ ❋✐❣✉r❡ ✸✳✹ t❤❡ ✢♦✇ ✜❡❧❞ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❤②❞r♦❣❡♥ ✢♦✇
r❛t❡s✱ ✐✳❡✳ ✷✳✺ ❛♥❞ ✺ ♠❧ ✴♠✐♥✱ ✐s s❤♦✇♥✳ ❊❛❝❤ ✜❣✉r❡ ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❡①tr❛❝t✐♦♥
♦❢ ❛ ♣❤♦t♦ ❢r♦♠ ❛ ✈✐❞❡♦ t❛❦❡♥ ♦❢ t❤❡ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ❢♦r ❞✐✛❡r❡♥t ♥✐tr♦❜❡♥③❡♥❡
✷✸
✸✳ ❊❳P❊❘■▼❊◆❚❆▲ ❘❊❙❊❆❘❈❍❊❙
❍②❞r♦❣❡♥ ✭♠❧✴♠✐♥✮ ◆✐tr♦❜❡♥③❡♥❡ ✭❣✴❤✮
❈❛s❡ ✶ ✷✳✺ ✸✵
❈❛s❡ ✷ ✺ ✷✳✺
❚❛❜❧❡ ✸✳✶✿ ❋❧♦✇ r❛t❡s ♦❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❛♣♣❧✐❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s ♦❢
t❤❡ ✢♦✇ ✜❡❧❞
❋✐❣✉r❡ ✸✳✺✿ ❯♥✐✈❡rs❛❧ tr❛♥s✐t✐♦♥❛❧ ❧✐♥❡s ❢r♦♠ ❨✉❡ ❡t ❛❧✳ ❬✻❪ ❛♥❞ ❛♣♣❧✐❡❞ ❡①♣❡r✐✲
♠❡♥t❛❧ r❛♥❣❡s✳ ❈❛s❡ ✶ ❛♥❞ ❈❛s❡ ✷ r❡♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ ❝❛s❡s✳
✢♦✇ r❛t❡s ❢r♦♠ ✷✳✺ t♦ ✸✵ ❣✴❤✳ ❋♦r ❛❧❧ ✢♦✇ r❛t❡s t❤❡ ❣❛s ❜✉❜❜❧❡ ✐s ❧♦❝❛t❡❞ ❛❜♦✈❡
t❤❡ ❣❛s ✐♥❧❡t✳ P✉❧s❛t✐♦♥✱ ✐✳❡✳ s❧✉❣ ❢♦r♠❛t✐♦♥✱ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ ❛t ❤✐❣❤ ❧✐q✉✐❞
♠❛ss ✢♦✇s ♦r✴❛♥❞ ❤✐❣❤ ❣❛s ✢♦✇✳ ❍♦✇❡✈❡r✱ t❤❡ ✢♦✇ ♠♦st❧② ✐s ♦❢ ❛♥♥✉❧❛r t②♣❡✳
❆t t❤❡ ❤✐❣❤ ❣❛s ✢♦✇✱ ✐✳❡✳ ✺ ♠❧✴♠✐♥✱ t❤❡r❡ ✐s ❛ ❝♦♥str✐❝t✐♦♥ ♦❢ t❤❡ ❣❛s ✢♦✇ ❛t
t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t✳ ■t ✐s s✉♣♣♦s❡❞ t❤❛t t❤✐s ✐s ❛♥ ❡✛❡❝t ♦❢ ❧✐q✉✐❞ ✜❧♠ ❢♦r♠❛t✐♦♥
❛t ❤✐❣❤❡r ❣❛s ✐♥❧❡t ✈❡❧♦❝✐t②✳ ❍♦✇❡✈❡r✱ ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦❛t✐♥❣ ❝♦✉❧❞ ❜❡
♣♦ss✐❜❧❡✳ ❚❤❡ ❝♦❛t✐♥❣ st❛rt❡❞ s♦♠❡✇❤❛t ❛❜♦✈❡ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t ❤♦❧❡✳ ❚❤✐s
s♣❛❝❡ ❜❡t✇❡❡♥ ✐♥❧❡t ❤♦❧❡ ❛♥❞ ❝♦❛t✐♥❣ ❛✈♦✐❞❡❞ t❤❡ ❜❧♦❝❦✐♥❣ ♦❢ t❤❡ ❤♦❧❡ ❞✉r✐♥❣
❝❛t❛❧②st ♣r❡♣❛r❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ❛ ❝❤❛♥❣✐♥❣ ❝♦♥t❛❝t ❛♥❣❧❡ ❝♦✉❧❞ ✐♥✢✉❡♥❝❡ t❤❡ ✢♦✇
✜❡❧❞✳ ❚❛❜❧❡ ✸✳✶ ✐♥❞✐❝❛t❡s t❤❡ ❝❛s❡s ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ s❡❧❡❝t❡❞ ❢♦r s✐♠✉❧❛t✐♦♥✳ ❈❛s❡
✷✹
✸✳ ❊❳P❊❘■▼❊◆❚❆▲ ❘❊❙❊❆❘❈❍❊❙
✶ r❡♣r❡s❡♥ts ❡①♣❡r✐♠❡♥ts ✇✐t❤ ♣✉❧s❛t✐♦♥✱ ❈❛s❡ ✷ ✇❛s s❡❧❡❝t❡❞ ❛s str✐❝t❧② ❛♥♥✉❧❛r✳
❨✉❡ ❡t ❛❧✳ ❬✻❪ ✐♥✈❡st✐❣❛t❡❞ ✢♦✇ r❡❣✐♠❡s ✐♥ ♠✐♥✐❝❤❛♥♥❡❧s ❤❛✈✐♥❣ ❤②❞r❛✉❧✐❝ ❞✐✲
❛♠❡t❡rs ♦❢ ✻✻✼✱ ✹✵✵ ❛♥❞ ✷✵✵ µ♠✳ ❋❧♦✇ ♣❛tt❡r♥s s✉❝❤ ❛s ❜✉❜❜❧② ✢♦✇✱ s❧✉❣ ✢♦✇✱
s❧✉❣✲❛♥♥✉❧❛r ✢♦✇✱ ❝❤✉r♥ ✢♦✇ ❛♥❞ ❛♥♥✉❧❛r ✢♦✇ ✇❡r❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡s❡ ♠✐❝r♦❝❤❛♥✲
♥❡❧s ❛t t❤❡ r❡❧❡✈❛♥t ❣❛s ❛♥❞ ❧✐q✉✐❞ s✉♣❡r✜❝✐❛❧ ✈❡❧♦❝✐t✐❡s ❛s ✐t ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡
✸✳✺✳ ❚❤❡② ❢♦❝✉s❡❞ ♦♥ t♦ ❞❡t❡r♠✐♥❡ ❛♥ ❡♠♣✐r✐❝❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ s✉♣❡r✜✲
❝✐❛❧ ❧✐q✉✐❞ ❲❡❜❡r ♥✉♠❜❡rs t♦ ✐♥t❡r♣r❡t t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❚❛②❧♦r ✢♦✇ t♦ ✉♥st❛❜❧❡
s❧✉❣ ✢♦✇ ❢♦r ✈❡rt✐❝❛❧ ✉♣✇❛r❞ ✢♦✇✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s
t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❛♥❣❡ ♦❢ ❝♦♥❞✐t✐♦♥s ✐s ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ ✉♥✐✈❡rs❛❧ tr❛♥s✐t✐♦♥❛❧
❧✐♥❡s ♠❛♣ ❢r♦♠ ❨✉❡ ❡t ❛❧✳ ❬✻❪ ✭❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♠❛t❝❤ ✇❡❧❧✮✳ ❚❤❡ ❞❛r❦ ❧✐♥❡
✐♥ ❋✐❣✉r❡ ✸✳✺ ❝♦rr❡s♣♦♥❞s t♦ ❡①♣❡r✐♠❡♥t❛❧ r❛♥❣❡ ❢♦r t❤❡ ❋✐❣✉r❡ ✸✳✸ ✇❤✐❧❡ t❤❡ ❣r❡②
✭❣r❡❡♥✮ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ r❛♥❣❡ ❢♦r ❋✐❣✉r❡ ✸✳✹✳ ❚❤❡ ✢♦✇ r❡❣✐♠❡s ♦❢ ❡①♣❡r✐♠❡♥t❛❧
st✉❞✐❡s s❤♦✇ ❣♦♦❞ ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ st✉❞② ❢r♦♠ ❨✉❡ ❡t ❛❧✳ ❬✻❪✳
✷✺
❈❤❛♣t❡r ✹
▼❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣
✹✳✶ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s
❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ✢✉✐❞ ✢♦✇ r❡♣r❡s❡♥t ♠❛t❤❡♠❛t✐❝❛❧ st❛t❡♠❡♥ts ♦❢ t❤❡
❝♦♥✈❡rs❛t✐♦♥ ❧❛✇ ♦❢ ♣❤②s✐❝s✳ ■♥ t❤✐s ♣❛rt ♠❛ss ❝♦♥s❡r✈❛t✐♦♥✱ ♠♦♠❡♥t✉♠ ❝♦♥s❡r✲
✈❛t✐♦♥ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ st❡♣ ❜② st❡♣ ❢♦r ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡✳
❙✐♥❝❡ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥❝❡ ❡q✉❛t✐♦♥s ✭P❉❊s✮ ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❛rt❡s✐❛♥ ✭①✱②✱③✮ ❝♦♦r❞✐♥❛t❡s✱ ♠❛ss ♦❢ ✢✉✐❞ ✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ✐s
❡①♣r❡ss❡❞ ❛s ♠❂ρ dV = ρ dx dy dz✳ ❆ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss
❛s ❛♣♣❧✐❡❞ t♦ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ❝♦♥s✐sts ♦❢ r❛t❡ ♦❢ ♠❛ss ✐♥❝r❡❛s❡ ✐♥ ✢✉✐❞ ❡❧❡♠❡♥t
❛♥❞ ♥❡t r❛t❡ ♦❢ ✢♦✇ ♠❛ss ✐♥t♦ t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t✳ ❚❤✐s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛ ♠❛ss
❜❛❧❛♥❝❡ ✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ✭❞❱✮ ❢♦r t❤❡ ✢✉✐❞ ❡❧❡♠❡♥t ❛s✿
∂ρ
∂t
dx dy dz =
∑
in
m˙−
∑
out
m˙ ✭✹✳✶✮
❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ❜♦①✲s❤❛♣❡❞ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡
❛①❡s ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✮✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❜♦① ❛r❡
❞①✱ ❞②✱ ❛♥❞ ❞③✱ ❛♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❜♦① ✐s P✳ ❱❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ❛r❡ ✉✱ ✈✱
❛♥❞ ✇ ✐♥ ❛ ①✱②✱③ ❝♦♦r❞✐♥❛t❡ s②st❡♠✳ ❆❢t❡r s✉♠ ♦❢ ♠❛ss ✢♦✇ r❛t❡s ✐♥t♦ ❛♥❞ ♦✉t ♦❢
t❤❡ ❝♦♥tr♦❧ ✈♦❧✉♠❡ t❤r♦✉❣❤ t❤❡ ❢❛❝❡s ✉s✐♥❣ ❚❛②❧♦r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛t t❤❡ ❝❡♥t❡r
♦❢ t❤❡ ❜♦① ✭♣♦✐♥t P✮✱
∑
in m˙ ❛♥❞
∑
out m˙ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✹✳✶
✷✻
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
( −
()




)	



( +
()




)	
P(, y, z)
( +
()



)	
( −
()



)	x
( −
()



)	
( +
()



)	
❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ✐♥✢♦✇ ❛♥❞ ♦✉t✢♦✇ ♦❢ ♠❛ss t❤r♦✉❣❤ ❡❛❝❤ ❢❛❝❡ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧
❝♦♥tr♦❧ ✈♦❧✉♠❡ ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s
❜❡❝♦♠❡
∑
in
m˙ =
(
ρ u− ∂(ρu)
∂①
1
2
dx
)
dy dz +
(
ρ v − ∂(ρv)
∂②
1
2
dy
)
dx dz
+
(
ρw − ∂(ρw)
∂③
1
2
dz
)
dx dy
✭✹✳✷✮
∑
out
m˙ =
(
ρ u+
∂(ρu)
∂①
1
2
dx
)
dy dz +
(
ρ v +
∂(ρv)
∂②
1
2
dy
)
dx dz
+
(
ρw +
∂(ρw)
∂③
1
2
dz
)
dx dy
✭✹✳✸✮
❈♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥s ✹✳✶ t♦ ✹✳✸ ❛♥❞ ❝♦♠❜✐♥✐♥❣ ❛♥❞ s✐♠♣❧✐❢②✐♥❣ t❤❡ t❡r♠s ❣✐✈❡
✷✼
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∂ρ
∂t
dx dy dz = −∂(ρu)
∂①
dx dy dz − ∂(ρv)
∂②
dx dy dz − ∂(ρw)
∂③
dx dy dz ✭✹✳✹✮
❚❤❡ ✈♦❧✉♠❡✱ ❞① ❞② ❞③✱ ❛♣♣❡❛rs ✐♥ ❡❛❝❤ t❡r♠ ❛♥❞ ❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞✳ ❆❢t❡r
r❡❛rr❛♥❣❡♠❡♥t t❤✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r ❝♦♥s❡r✈❛t✐♦♥ ♦❢
♠❛ss ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✳
∂ρ
∂t
= −∂(ρu)
∂①
− ∂(ρv)
∂②
− ∂(ρw)
∂③
✭✹✳✺✮
❆ ♥❛❜❧❛ ♦♣❡r❛t✐♦♥ ✐s ❛ ❝♦♥✈❡♥✐❡♥t ♠❛t❤❡♠❛t✐❝❛❧ ♥♦t❛t✐♦♥ ❛♥❞ s❤♦rt❤❛♥❞ ❢♦r♠ ❢♦r
✈❡❝t♦r✐❛❧ ♦♣❡r❛t♦rs✳ ■t ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s✿
∇ = ∂
∂①
+
∂
∂②
+
∂
∂③
✭✹✳✻✮
❆❢t❡r ❛ ✉s❛❣❡ ♦❢ ♥❛❜❧❛ ✐♥ ❊q✉❛t✐♦♥ ✹✳✺ ✐t ❜❡❝♦♠❡s
∂ρ
∂t
+∇ ·❯ = 0 ✭✹✳✼✮
◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ st❛t❡s t❤❛t t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ♠♦♠❡♥t✉♠ ♦❢ ❛ ✢✉✐❞
♣❛rt✐❝❧❡ ❡q✉❛❧s t❤❡ s✉♠ ♦❢ t❤❡ ❢♦r❝❡s ♦♥ t❤❡ ♣❛rt✐❝❧❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇✐♥❣✿
∑
~F =
∑
~Fbody +
∑
~Fsurface ✭✹✳✽✮
■♥ t❤❡ ❊q✉❛t✐♦♥ ✹✳✽ t♦t❛❧ ❢♦r❝❡ ✐♥ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡ ✐s ❡q✉❛❧ t♦∑
~F = m❛ ✭✹✳✾✮
■♥ t❤❡ ❊q✉❛t✐♦♥ ✹✳✾ ♠❛ss ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞❡♥s✐t② ✐♥ t❤❡
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❋✐❣✉r❡ ✹✳✷✿ P♦s✐t✐✈❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ str❡ss t❡♥s♦r ✐♥ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s
♦♥ t❤❡ ♣♦s✐t✐✈❡ ✭r✐❣❤t✱ t♦♣✱ ❛♥❞ ❢r♦♥t✮ ❢❛❝❡s ♦❢ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡
❝♦♥tr♦❧ ✈♦❧✉♠❡ ❛s ✐t ✐s ❡①♣r❡ss❡❞ ✐♥ ❊q✉❛t✐♦♥ ✹✳✶✵✳
m = ρdxdydz ✭✹✳✶✵✮
■♥ t❤❡ ❊q✉❛t✐♦♥ ✹✳✾ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❞❡♥♦t❡❞ ✐♥ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠
❛ =
∂
∂t
·❯+ u ∂
∂①
·❯+ v ∂
∂②
·❯+ w ∂
∂③
·❯ ✭✹✳✶✶✮
❚❤❡ ❧❡❢t t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✹✳✽ r❡♣r❡s❡♥ts ❜♦❞② ❢♦r❝❡s
❛♥❞ ✐s ❡①♣r❡ss❡❞ ✐♥ ❧♦♥❣ ♥♦t❛t✐♦♥ ❛s
∑
~Fbody =
∫
CV
ρ❣dxdydz ✭✹✳✶✷✮
❚❤❡ r✐❣❤t t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✹✳✽ r❡♣r❡s❡♥ts s✉r❢❛❝❡ ❢♦r❝❡s
❛♥❞ ✐s ❡①♣r❡ss❡❞ ✐♥ ❧♦♥❣ ♥♦t❛t✐♦♥ ❛s
∑
~Fsurface =
∫
CS
σij · ♥dA ✭✹✳✶✸✮
❋✐❣✉r❡ ✹✳✷ s❤♦✇s t❤❡ ♣♦s✐t✐✈❡ ❝♦♠♣♦♥❡♥ts ❛t t❤❡ str❡ss t❡♥s♦r ♦❢ ❛ ❝♦♥tr♦❧
✈♦❧✉♠❡✳ ❆❢t❡r r❡❛rr❛♥❣❡♠❡♥ts ✐♥ t❤❡ ❊q✉❛t✐♦♥ ✹✳✽ t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ❢♦r
✷✾
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❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠♦♠❡♥t✉♠ ❛s ❛♣♣❧✐❡❞ t♦ ❛ ❝♦♥tr♦❧ ✈♦❧✉♠❡✱ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥✿
∑
~F =
∫
CV
ρ❣dV +
∫
CS
σij · ♥dA =
∫
CV
∂
∂t
(ρ❯)dV +
∫
CS
(ρ❯)❯ · ♥dA ✭✹✳✶✹✮
❚❤❡ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❞❡✜♥❡s t❤❛t t❤❡ ♦✉t✇❛r❞ ✢✉① ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ t❤r♦✉❣❤
❛ ❝❧♦s❡❞ s✉r❢❛❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦✈❡r t❤❡ r❡❣✐♦♥
✐♥s✐❞❡ t❤❡ s✉r❢❛❝❡✳ ❆❢t❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t♦ ❊q✉❛t✐♦♥ ✹✳✶✹
✐t ❜❡❝♦♠❡s
∑
~F =
∫
CV
ρ❣dV +
∫
CV
~∇ · σijdV =
∫
CV
∂
∂t
(ρ❯)dV +
∫
CV
~∇ · (ρ❯❯)dV ✭✹✳✶✺✮
❚❤✐s ✐s ❢♦✉♥❞ ❜② ❈❛✉❝❤② ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ❝❛❧❧❡❞ ❈❛✉❝❤②✬s ❡q✉❛t✐♦♥✳ ■♥ ❣❡♥❡r❛❧
❢♦r♠ ✐t ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
∂
∂t
(ρ❯) + ~∇ · (ρ❯❯)dV = ρ❣+ ~∇ · σij ✭✹✳✶✻✮
✹✳✷ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇
❖♥❡ ♣❤❛s❡ ✜❡❧❞ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❱❖❋ ♠❡t❤♦❞✳ ❱❛❧✐❞✐t② ♦❢ t❤❡ ❝♦♥t✐♥✉✐t②
♦❢ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✐♥ ❜♦t❤ ♣❤❛s❡s ✐s ♣r♦✈✐❞❡❞ ❜② ❛
♠✐①t✉r❡ ❞❡♥s✐t②✱ ❛♥❞ ♠✐①t✉r❡ ✈✐s❝♦s✐t② ❞❡✜♥✐t✐♦♥✳
▼✐①t✉r❡ ❞❡♥s✐t②
ρ = ❢gρg + (1− ❢g)ρl ✭✹✳✶✼✮
▼✐①t✉r❡ ✈✐s❝♦s✐t②
µ = ❢gµg + (1− ❢g)µl ✭✹✳✶✽✮
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❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♠✐①t✉r❡ ❞❡✜♥✐t✐♦♥s✱ t❤❡ ❡q✉❛t✐♦♥s ❣♦✈❡r♥✐♥❣ t❤❡ ♠♦t✐♦♥ ♦❢
t❤❡ ❧✐q✉✐❞ ❛♥❞ t❤❡ ❣❛s ♣❤❛s❡s ❛s ✇❡❧❧ ❛s t❤❡ ❞②♥❛♠✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t
t❤❡ ✐♥t❡r❢❛❝❡ ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✐♥t♦ ♦♥❡ s✐♥❣❧❡ s❡t ♦❢ ❝♦♥t✐♥✉✐t② ❛♥❞ ♠♦♠❡♥t✉♠
❡q✉❛t✐♦♥s t❤❛t ❛r❡ ✈❛❧✐❞ ✐♥ t❤❡ ❡♥t✐r❡ t✇♦✲✢✉✐❞ ❞♦♠❛✐♥ ✐♥ t❤❡ ❱❖❋ ♠❡t❤♦❞✳
■♥ ❝❛s❡ ♦❢ ♥♦ ♠❛ss tr❛♥s❢❡r t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ❧✐❦❡ t❤❡ ❊q✉❛t✐♦♥
✹✳✼ ✐s
∂ρ
∂t
+∇ ·❯ = 0 ✭✹✳✶✾✮
❋♦r t❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ♦❢ ❣❛s ♣❤❛s❡ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ♠✉st ❜❡ ❢✉❧❧✜❧❧❡❞ ❛❝❝♦r❞✲
✐♥❣ t♦✿
∂fg
∂t
+∇ · fg❯ = 0 ✭✹✳✷✵✮
▼♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❢♦r t✇♦ ♣❤❛s❡ ✢♦✇ ✭❊q✉❛t✐♦♥ ✹✳✷✶✮ ✐s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢
❈❛✉❝❤②✬s ❡q✉❛t✐♦♥ ✭✹✳✶✻✮ t♦ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥✳
∂
∂t
(ρ❯) +∇ · ρ❯❯ = −∇♣+∇ · µ (∇❯+ (∇❯)T )+ ρ❣+ ❢σ ✭✹✳✷✶✮
❋♦r ❣❛s✲❧✐q✉✐❞ t✇♦ ♣❤❛s❡ ✢♦✇s✱ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❣❛s fg ✐s ♦❜t❛✐♥❡❞ ❜②
♥✉♠❡r✐❝❛❧❧② s♦❧✈✐♥❣ ❊q✉❛t✐♦♥ ✹✳✷✵✱ ❛♥❞ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ ❧✐q✉✐❞ fl ✐s s✐♠♣❧②
❝♦♠♣✉t❡❞ ❢r♦♠ ✶ ✲ fg✳
■♥ ❊q✉❛t✐♦♥ ✹✳✷✶✱ ❣ = (0, 0,−g)T ✐s t❤❡ ❣r❛✈✐t② ✈❡❝t♦r✱ ❣ = 9.81m/s2 ✐s
t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ❛♥❞ ❢✱ st❛♥❞✐♥❣ ❢♦r ❛ttr❛❝t✐✈❡ ❢♦r❝❡s ✭❡✳❣✳ ❜❡t✇❡❡♥
♥✐tr♦❜❡♥③❡♥❡ ♠♦❧❡❝✉❧❡s✮✱ r❡♣r❡s❡♥ts t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡ ♣❡r ✉♥✐t ✈♦❧✉♠❡✳
❋♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡✱ ✐♥ t❤✐s ✇♦r❦ t❤❡ ❝♦♥t✐♥✉✉♠
s✉r❢❛❝❡ ❢♦r❝❡ ✭❈❙❋✮ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ❜② ❇r❛❝❦❜✐❧❧ ❡t ❛❧✳ ❬✻✺❪ ✇❛s ❛♣♣❧✐❡❞✳ ❚❤✐s
✐s t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✐♥ ❛❧❧ ❝♦♠♠❡r❝✐❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝ ❝♦❞❡s t♦
❝♦♥s✐❞❡r s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡s ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❱❖❋ ♠❡t❤♦❞s✳ ❚❤❡ s✉r❢❛❝❡
t❡♥s✐♦♥ ❢♦r❝❡ ✐♥ t❤✐s ❝♦❞❡ ✐s ✇r✐tt❡♥ ❛s
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❢σ = σ
ρκ∇❢
1/2(ρl + ρg)
✭✹✳✷✷✮
■♥ t❤✐s ❡q✉❛t✐♦♥✱ σ ✐s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❧✐q✉✐❞❀ ρ ✐s t❤❡
♠✐①t✉r❡ ❞❡♥s✐t②✱ ρl ❛♥❞ ρg r❡♣r❡s❡♥t ❧✐q✉✐❞ ❛♥❞ ❣❛s ♣❤❛s❡ ❞❡♥s✐t✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳
κ ✐s t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✱ ✇❤✐❝❤ ✐s ✐♠♣♦rt❛♥t ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥s s✐♥❝❡ t❤❡
❝♦♥t❛❝t ❛♥❣❧❡ ❤❛s ❛♥ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s✉r❢❛❝❡ ❝✉r✈❛t✉r❡✳ ■♥ t❤❡ ❈❙❋ ♠♦❞❡❧✱ ❛
s✉r❢❛❝❡ ❝✉r✈❛t✉r❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡ ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ ❧♦❝❛❧ ❣r❛❞✐❡♥ts
✐♥ t❤❡ s✉r❢❛❝❡ ♥♦r♠❛❧ ❛t t❤❡ ✐♥t❡r❢❛❝❡✿
κ = ∇ · ♥|♥| ✭✹✳✷✸✮
✇❤❡r❡ ♥ ✐s t❤❡ s✉r❢❛❝❡ ♥♦r♠❛❧ ✐♥ t❤✐s ❡q✉❛t✐♦♥✳ ■t ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ ❜② ❤❡❧♣
♦❢ t❤❡ ✈❡❝t♦r ❧❡♥❣t❤
♥˜ =
♥
|♥| ✭✹✳✷✹✮
❲✐t❤ t❤✐s ♥♦r♠❛❧✐③❛t✐♦♥✱ t❤❡ ✇❛❧❧ ❛❞❤❡s✐♦♥ ❛♥❣❧❡ ♦r s♦ ❝❛❧❧❡❞ ❛♣♣❛r❡♥t ❝♦♥t❛❝t
❛♥❣❧❡✱ θw✱ ❜❡t✇❡❡♥ ✢✉✐❞ ❛♥❞ ✇❛❧❧ ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿
♥˜ = ♥˜✇ cos θw + t˜✇ sin θw ✭✹✳✷✺✮
✇❤❡r❡ ♥˜✇ ❛♥❞ t˜✇ ❛r❡ t❤❡ ✉♥✐t ✈❡❝t♦rs ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ t♦ t❤❡ ✇❛❧❧✱
r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♦t❤❡r ❢♦r❝❡s ✭s✉❝❤ ❛s ♥♦ ✢♦✇✮✱ θw ✇✐❧❧ ❜❡ ✐❞❡♥t✐❝❛❧
t♦ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡✳
✸✷
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✹✳✸ ●♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s✲
❢❡r
❆s ♣❤❛s❡ ❡①❝❤❛♥❣❡ ❤❛s ❛❧s♦ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ r❡❧❡✈❛♥t ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s
✭✈♦✐❞ ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ❛♥❞ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥✮ s❤♦✉❧❞ ❜❡ ♠♦❞✐✜❡❞ ❜②
s♦✉r❝❡ t❡r♠s✿
∂ρ
∂t
+∇ · ρ❯ = S ✭✹✳✷✻✮
❚❤❡ s♦✉r❝❡ ❙ ✐s t❤❡ ♠❛ss ❛❞❞❡❞ t♦ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❢r♦♠ t❤❡ ❣❛s ♣❤❛s❡ ✭m˙gl✮
❞✉❡ t♦ ❞✐ss♦❧✉t✐♦♥ ♦❢ ❣❛s ✐♥t♦ ❧✐q✉✐❞ ❛s ✇❡❧❧ ❛s t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♦❢ ❧✐q✉✐❞ s♣❡❝✐❡s t♦
t❤❡ ❣❛s ✭m˙lg✮✳
S = m˙gl − m˙lg ✭✹✳✷✼✮
❉✐✛✉s✐♦♥ ♦❢ ❧✐q✉✐❞ ✐♥t♦ ❣❛s ✐s ✈❡r② s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ ❣❛s ❞✐ss♦❧✉t✐♦♥ t❤❡r❡❢♦r❡
♠❛ss tr❛♥s❢❡r ❢r♦♠ ❧✐q✉✐❞ t♦ ❣❛s ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✱ m˙lg ✐s ③❡r♦✳
S = m˙gl ✭✹✳✷✽✮
■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❧✐q✉✐❞ ❞❡♥s✐t② ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛❢t❡r t❤❡ ♠❛ss
tr❛♥s❢❡r s✐♥❝❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❣❛s s♣❡❝✐❡s ♦♥ ❧✐q✉✐❞ ❞❡♥s✐t② ✐s ❛ss✉♠❡❞ t♦ ❜❡
✈❡r② s♠❛❧❧✳
❚❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ❢♦r t❤❡ ❣❛s ♣❤❛s❡ ✐s ❝♦♥s✐st❡♥t❧②✿
∂fg
∂t
+∇ · fg❯ = S
ρg
✭✹✳✷✾✮
❚❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ✭❝♦♥t✐♥✉♦✉s ♣❤❛s❡✮❀
t❤❡ ❣❛s ♣❤❛s❡ ✭❞✐s♣❡rs❡❞ ♣❤❛s❡✮ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✐s ❝♦♠♣✉t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✲
✐♥❣ ❝♦♥str❛✐♥t✿
✸✸
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fg = 1− fl ✭✹✳✸✵✮
❚❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐❡s ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ❢♦r t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❛s ✇❡❧❧ ❛s ❛t
✐♥t❡r❢❛❝❡✿
∂
∂t
(ρl.fl.M
l
i ) +∇ · (ρl.fl.M li ~U) = −∇ · fl. ~J li + m˙ijgl ✭✹✳✸✶✮
■♥ ❊q✉❛t✐♦♥ ✹✳✸✶ ✐ ❞❡♥♦t❡s ❣❛s ❜✉❧❦ ❛♥❞ ❥ ✐s t❤❡ ❞✐ss♦❧✉t✐♦♥ ♦❢ ❣❛s s♣❡❝✐❡s ✐♥
❧✐q✉✐❞✳ m˙ijgl ✐s t❤❡ ♠❛ss tr❛♥s❢❡r s♦✉r❝❡ ❜❡t✇❡❡♥ s♣❡❝✐❡s ❣❛s ❛♥❞ t❤❡ ❧✐q✉✐❞ ♠✐①t✉r❡
❢r♦♠ ❣❛s ♣❤❛s❡ t♦ ❧✐q✉✐❞ ♣❤❛s❡✳
m˙ijgl =
−∇CDlA
V
✭✹✳✸✷✮
■♥ ❊q✉❛t✐♦♥ ✹✳✸✷ ❆ ✐s t❤❡ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ❛♥❞ ✐t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❡❛❝❤ ❝❡❧❧
❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❝❡❧❧ ✈♦❧✉♠❡ ✇✐t❤ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ❣r❛❞✐❡♥t✿
Acell =
√(
∂f
∂x
)2
+
(
∂f
∂y
)2
+
(
∂f
∂z
)2
Vcell ✭✹✳✸✸✮
■t ✐s ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ m˙ijgl ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s ✐s ♦♥❧②
❛❝t✐✈❛t❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ✐s ❣r❡❛t❡r t❤❛♥ ✵✳✵✺ t♦
❦❡❡♣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✳ ❖t❤❡r✇✐s❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ❛♣♣r♦❛❝❤❡s ✐♥✜♥✐t②
s✐♥❝❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ❛♣♣r♦❛❝❤❡s ❡❛s✐❧② ③❡r♦ ✇✐t❤♦✉t t❤❡ ❧✐q✉✐❞ ✈♦✐❞
❢r❛❝t✐♦♥ r❡str✐❝t✐♦♥✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ✹✳✸✷ ✐s ❝❛❧❝✉❧❛t❡❞
❜②
∇C = Csat − Cdis
∆X
✭✹✳✸✹✮
✸✹
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✇❤❡r❡ Csat ✐s t❤❡ s❛t✉r❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ Cdis ✐s t❤❡ ❞✐ss♦❧✉t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥
✐♥ ❧✐q✉✐❞ ♣❤❛s❡✱ ❛♥❞ ∆X ✐s t❤❡ ♠✐ss✐♥❣ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢
t❤❡∆X ✐s ❜❛s❡❞ ♦♥ t❤❡ t✇♦ ❛❧t❡r♥❛t✐✈❡ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣ts ❛♥❞ t❤❡② ❛r❡ ❡①♣❧❛✐♥❡❞
✐♥ ❋✐❣✉r❡ ✹✳✸✳ ∆X ✐s ❝❛❧❝✉❧❛t❡❞ ♦♥❧② ✐♥ ❧✐q✉✐❞ ♣❤❛s❡ ✇❤❡♥ fl ✐s ♥♦t ❡q✉❛❧ t♦ ③❡r♦✳
Actual 
Interface
PLIC Concept
Cdis
Cdis
X
X
Schematic of calculationX
Interface 
from PLIC
Approximated interface
due to Donor concept
PLIC-1
PLIC-2
❋✐❣✉r❡ ✹✳✸✿ ✷✲❉ s❝❤❡♠❛t✐❝ ♦❢ ❛ r❡❛❧ ✐♥t❡r❢❛❝✐❛❧ s✉r❢❛❝❡✱ t❤❡ P▲■❈ s❝❤❡♠❡ ❛♣♣❧✐❡❞
✐♥ t❤❡ ❱❖❋ ♠❡t❤♦❞ ❛s ✇❡❧❧ ❛s t❤❡ t✇♦ ❝♦♥❝❡♣ts t❡st❡❞ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡
❞✐✛✉s✐♦♥ ❧❡♥❣t❤ ✭∆X✮
■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣t ♦❢ P▲■❈✲✶ ∆X ✐s ♥❡❛r t♦ t❤❡ r❡❛❧✐t② ❞✉❡ t♦ t❤❡
✉s❛❣❡ ♦❢ t❤❡ s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ ❤❡❧♣ ♦❢ ♥❡✐❣❤❜♦r ✐♥t❡r❢❛❝❡ ❝❡❧❧s ✇❤✐❧❡ ✐♥
t❤❡ ❝♦♥❝❡♣t ♦❢ t❤❡ P▲■❈✲✷ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ✐s ♦♥❧② ❛♣♣r♦①✐♠❛t❡❞ ✭✢✉✐❞
s✉r❢❛❝❡ ✐s ❛ss✉♠❡❞ ♣❛r❛❧❧❡❧ t♦ ❛ ❝❡rt❛✐♥ ✐♥t❡r❢❛❝❡ ❝❡❧❧✮✳
■♥ t❤❡ P▲■❈✲✶ ❝♦♥❝❡♣t ♦♥❧② t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ❛♥❞
t❤❡ ❢✲✈❛❧✉❡ ❛r❡ ♣r♦✈✐❞❡❞ ❢r♦♠ t❤❡ ❋❧✉❡♥t ❝♦❞❡ t♦ ❝❛❧❝✉❧❛t❡∆X✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢②
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐♥ t❤❡ ❝❡❧❧s t❤❡ ♥❡✇ ❝♦❞❡ ✇r✐tt❡♥ ✐♥ t❤✐s ✇♦r❦ ✐t❡r❛t❡s✳
❙t❛rt✐♥❣ ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t ✐♥ t❤❡ ❝❡❧❧ ♠✐❞❞❧❡✱ t❤❡ ♣❤❛s❡ ✈♦❧✉♠❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞
✇✐t❤ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ❛♥❞ t❤✐s ✐♥✐t✐❛❧ ♣♦✐♥t ❛s ❛ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡✳
❚❤❡s❡ ♣❤❛s❡ ✈♦❧✉♠❡s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢✲✈❛❧✉❡✳ ■❢ t❤❡ ♣❤❛s❡ ✈♦❧✉♠❡s ❛r❡ ♥♦t
❝♦♥s✐st❡♥t t♦ ❢✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ✐s ❝❤❛♥❣❡❞ ✉♥t✐❧ t❤✐s ❝r✐t❡r✐❛ ✐s ❢✉❧✜❧❧❡❞✳
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Csat,l
Cdis
Interface
H<1
Csat Cdis
Constant ∆X in liquid phase
a) Concentration Curve b) Discretization of 
Concentration in liquid phase
c) Interface Cells d) ∆X at Interface
Csat
Cdis
Csat

	

Centroid of a cell
Cells
Centroid 
of liquid 
volume
Characteristic Length 
(Distance between 
interface and centroid of 
a rest volume)
Volume 
of Liquid 
∆X
❋✐❣✉r❡ ✹✳✹✿ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ♠❛ss tr❛♥s❢❡r ❛t ✐♥t❡r❢❛❝❡ ✐♥ ❞❡t❛✐❧
❇② t❤✐s ∆X ✐s ❞❡t❡r♠✐♥❡❞✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ❜❛s❡❞ ♦♥
t❤❡ P▲■❈✲✷ ❝♦♥❝❡♣t✐♦♥ ✐s ❡❛s✐❡r t❤❛♥ ✐♥ t❤❡ P▲■❈✲✶ ❝♦♥❝❡♣t✳ ❙✐♥❝❡ ❝✉❜✐❝ ❝❡❧❧s ❛r❡
❛♣♣❧✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡s ❛r❡ s❡♣❛r❛t❡❞ ✐♥t♦ ❝✉❜♦✐❞s s❡❝t✐♦♥s ❛♥❞
t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✐s r❡❝t❛♥❣✉❧❛r t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ❝❡❧❧ ✇❛❧❧s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝s
♥❡❡❞❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ ∆X ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
s✉❜s❡❝t✐♦♥s✳
▲✐❦❡ t❤❡ st✉❞② ♦❢ ❙❛t♦ ❡t ❛❧✳ ❬✹✺❪ t❤❡ s❛t✉r❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t t❤❡ ✐♥t❡r❢❛❝❡
❝❡❧❧s ✇❛s ✉s❡❞ ❛s ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ■♥ ♦r❞❡r t♦ ✐♠♣❧❡♠❡♥t ❛ ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧✐q✉✐❞ ❧❡♥❣t❤ ✭❞✐st❛♥❝❡
❜❡t✇❡❡♥ ✐♥t❡r❢❛❝❡ ❛♥❞ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡✮ ♠✉st ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡
t✇♦ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣ts✳
❋✐❣✉r❡ ✹✳✹ s❤♦✇s t❤❡ ♠❡t❤♦❞ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ✐♥ ❣❛s ✴ ❧✐q✉✐❞ s②st❡♠s✳ ❙✐♥❝❡
❙❛t♦✬s ❡t ❛❧✳ ❬✹✺❪ ❛♣♣r♦❛❝❤ ❢♦r ❝♦♥❝❡♥tr❛t✐♦♥ ❜♦✉♥❞❛r② ❛t ✐♥t❡r❢❛❝❡ ✐s ❛♣♣❧✐❡❞✱
t❤❡ ♠✐ss✐♥❣ ♣❛rt ✐♥ t❤❡ ❝♦❞❡ ✐s ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ✐♥t❡r❢❛❝❡
❝❡❧❧s ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✹✲❞✳ ❯s✐♥❣ t✇♦ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ✭♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡
❣❛s ✴ ❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ❛♥❞ ✈♦✐❞ ❢r❛❝t✐♦♥ ✭❢✮✮ ❢r♦♠ t❤❡ ❱❖❋ ❝♦❞❡ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥
❧❡♥❣t❤ ∆X ❜❡t✇❡❡♥ ❣❛s ✴ ❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ❛♥❞ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❝❛♥
❜❡ ❞❡t❡r♠✐♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ t✇♦ s✉❣❣❡st❡❞ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣ts ✭P▲■❈✲✶ ✭P✐❡❝❡
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▲✐♥❡❛r ■♥t❡r❢❛❝❡ ❈❛♣t✉r✐♥❣✮❀ P▲■❈✲✷✮✳
✹✳✸✳✶ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ✇✐t❤ P▲■❈✲✶
♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣t ✐♥ ✸✲❉ s✐♠✉❧❛t✐♦♥s
■♥ t❤✐s ♣❛rt ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ P▲■❈✲✶ ❝♦♥❝❡♣t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧✳
❉❡t❛✐❧s ♦❢ P▲■❈✲✷ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s❡❝t✐♦♥ ✹✳✸✳✷✳
INPUTS
fr, nx, ny, nz
Calculate fc with P0
Find iteratively 
P along the 
normal vector
fc =fr
yes
no
Calculate
X
❋✐❣✉r❡ ✹✳✺✿ ❋❧♦✇❝❤❛rt ♦❢ t❤❡ ∆X ❝❛❧❝✉❧❛t✐♦♥ ✐♥ t❤❡ P▲■❈✲✶ ❝♦♥❝❡♣t
❚❤❡ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇❛s ❞♦♥❡
✐♥ ❈ ❝♦❞❡✳ ❚❤❡ ✢♦✇❝❤❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ■♥ t❤❡ P▲■❈✲✶
❝♦♥❝❡♣t t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦❢ t❤❡ ❣❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ❛♥❞ t❤❡ ❢✲✈❛❧✉❡ ❢r♦♠ ❋❧✉❡♥t
❝♦❞❡ ❛r❡ ❛♣♣❧✐❡❞ t♦ ❝❛❧❝✉❧❛t❡ ∆X✳ fr ✐s ❢ ✈❛❧✉❡ ❞❡❧✐✈❡r❡❞ ❢r♦♠ ❋❧✉❡♥t✱ ❛♥❞ fc ✐s ❢
✈❛❧✉❡ ❝❛❧❝✉❧❛t❡❞ ✐t❡r❛t✐✈❡❧② ✐♥ t❤❡ ✢♦✇❝❤❛rt✳ ❚❤❡ ✐t❡r❛t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ ✐❞❡♥t✐❢②
t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐♥ t❤❡ ❝❡❧❧s✳ ❉❡♠♦♥str❛t✐♦♥ ♦❢ ✐t❡r❛t✐♦♥ ♣r♦❣r❡ss ✐s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✻✳ ❚❤❡ ❝❡❧❧ ♠✐❞❞❧❡ ✐s ✉s❡❞ ❛s ♣♦✐♥t ✭P0✮ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡
❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧✐③❛t✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ ❛ ✜rst ♣❤❛s❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❣❛s ♦r t❤❡ ❧✐q✉✐❞
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❤❛s❡ ✈♦❧✉♠❡ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢✲✈❛❧✉❡✳ ■❢ t❤❡ ♣❤❛s❡ ✈♦❧✉♠❡
❞❡✈✐❛t❡s ❢r♦♠ ❢✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ✐s ❝❤❛♥❣❡❞ ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✉♥t✐❧
t❤✐s ❝r✐t❡r✐❛ ✐s ❢✉❧✜❧❧❡❞✳ ❚❤❡♥ ∆X ✐s ❝❛❧❝✉❧❛t❡❞✳
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P0
→
n
P
f0 fx
f
PP0
f0
Px
f1
P
1
fx
Approaching to fr
iteratively
real interface
→
n
a. Transportation to initial point b. Iteration process
0
P
Px
interface in 
initial point
❋✐❣✉r❡ ✹✳✻✿ ❉❡♠♦♥str❛t✐♦♥ ♦❢ ✐t❡r❛t✐♦♥ ♣r♦❣r❡ss t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡
✐♥t❡r❢❛❝❡ ♣❧❛♥❡ ✇✐t❤ ✐♥t❡r❢❛❝❡ ♥♦r♠❛❧ ✈❡❝t♦r ❛♥❞ ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❝❛❧❝✉❧❛t✐♦♥
✐♥ t❤❡ ❝❡❧❧ ♠✐❞❞❧❡ ♣♦✐♥t P0
■♥ t❤❡ s✉❜r♦✉t✐♥❡ t❤❡ ❝❡❧❧ ❡❞❣❡ ♣♦✐♥ts ✐♥ t❤❡ ❣❧♦❜❛❧ ❝♦♦r❞✐♥❛t❡s ❤❛✈❡ t♦ ❜❡
❤❛♥❞❧❡❞✳ ❚❤❡s❡ ✽ ♣♦✐♥ts ♦♥ t❤❡ ❝❡❧❧s ✭✐♥ ①✱ ②✱ ③ ❈❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s✮ ❛r❡ ✇r✐t✲
t❡♥ ✐♥ ❛ ♠❛tr✐① ✽①✸ ❢♦r♠✳ ❆♥ ❡①❛♠♣❧❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✼✳ ❋♦r t❤✐s s♣❡❝✐✜❝
❡①❛♠♣❧❡ t❤❡ ♠❛tr✐① ✐s✿
❊❞❣❡ P♦✐♥ts[i][k]❂
 0 1 1 0 0 1 1 00 0 1 1 0 0 1 1
0 0 0 0 1 1 1 1
 0 ≤ i❁✽✱ 0 ≤ k❁✷❀
■♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❛♥ ❡❛s✐❡r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ∆X ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♦r✲
❞✐♥❛t❡s ✇❛s ✉s❡❞ ❧✐❦❡ ✐♥ ❬✻✻✱ ✻✼❪✳ ■♥ t❤✐s tr❛♥s❢♦r♠❛t✐♦♥ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✇❛s
❛♣♣❧✐❡❞ ❛s ❛ ♥❡✇ ✭❧♦❝❛❧✮ ③
′
❞✐r❡❝t✐♦♥✳ ❇② t❤✐s ❛♣♣r♦❛❝❤ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦
❝❛❧❝✉❧❛t❡ t❤❡ ❝✉t ♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡ ✇✐t❤ t❤❡ ❝❡❧❧ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳
❆ ♥❡✇ ♥♦r♠❛❧ ✈❡❝t♦r ✇❛s ❛❧s♦ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ❢✉rt❤❡r
s✐♠♣❧✐✜❝❛t✐♦♥✳ ❚❤✐s ♥❡✇ ✈❡❝t♦r ~N ❤❛s ✉♥✐t ❧❡♥❣t❤✿
✸✽
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
❋✐❣✉r❡ ✹✳✼✿ ❊①❛♠♣❧❡ ♦❢ ❛ ❝✉❜✐❝ ❝❡❧❧ ❢♦r ❡①♣❧❛✐♥✐♥❣ t❤❡ ❡❞❣❡ ♣♦✐♥t ♠❛tr✐① ❢♦r
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ∆X
~N =
~n
~|n|
✭✹✳✸✺✮
~T ❛♥❞ ~S ✈❡❝t♦rs ✇❡r❡ ❞❡✜♥❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♥❡✇ y
′
❛①❡✱ x
′
❛①❡ ❛❝❝♦r❞✐♥❣ t♦
t❤❡ r✐❣❤t ❤❛♥❞ r✉❧❡ ✭s❡❡ ❋✐❣✉r❡ ✹✳✽✮ ❛♥❞ t♦ ❤❛✈❡ ❛ ❢✉❧❧ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①✳
z′
y′
x′
N
S
T
❋✐❣✉r❡ ✹✳✽✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✈❡❝t♦rs ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠
~T ✱ ~S ✇❛s ❞❡✜♥❡❞ r❛♥❞♦♠❧② ♦♥ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ❜② ❤❡❧♣ ♦❢
❊q✉❛t✐♦♥ ✹✳✸✻✳
✸✾
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
~T = ~S × ~N ✭✹✳✸✻✮
❋✐❣✉r❡ ✹✳✾✿ ❊①❛♠♣❧❡ ♦❢ ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❣❧♦❜❛❧ ✐♥t♦ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝✉t ✈♦❧✉♠❡ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ∆X
❋✐❣✉r❡ ✹✳✾ ❢✉rt❤❡r ❡①♣❧❛✐♥s t❤❡ str❛t❡❣② ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r t❤❡ ♣❤❛s❡ ✈♦❧✲
✉♠❡s✳ ❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝❡❧❧ ❜❡❧♦✇ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡ r❡♣r❡s❡♥ts t❤❡ ❧✐q✉✐❞
✈♦❧✉♠❡ ✭❝✉t ✈♦❧✉♠❡✮ ✇❤❡r❡❛s t❤❡ ✈♦❧✉♠❡ ❛❜♦✈❡ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡ r❡♣r❡s❡♥ts t❤❡
❣❛s ✈♦❧✉♠❡✳ ❚❤❡ ✐♥t❡r♣❤❛s❡ ♣❧❛♥❡ ✐s s❤✐❢t❡❞ ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐♦♥ ❛❧♦♥❣ t❤❡ z
′
❛①✐s✳
■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✱ t❤❡ ❝✉t ✈♦❧✉♠❡
♥❡❡❞s t♦ ❜❡ ❞❡t❡r♠✐♥❛t❡❞✳ ❚❤❡ ❝✉t ✈♦❧✉♠❡ ❛s ✇❡❧❧ ❛s t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❝✉t
✈♦❧✉♠❡ ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❛ tr✐❛♥❣❧❡ ♣r✐s♠ ♠❡t❤♦❞♦❧♦❣② ❬✻✻✱ ✻✼❪✳ ❊❛❝❤ ❝✉t ✈♦❧✉♠❡
✐s ❞✐✈✐❞❡❞ t♦ tr✐❛♥❣❧❡ ♣r✐s♠s ❛s ✐t ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✵✳
❱♦❧✉♠❡ ♦❢ tr✐❛♥❣❧❡ ♣r✐s♠ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛✿
V = Ah
1
3
✭✹✳✸✼✮
❇♦t❤✱ s✉r❢❛❝❡ ❆ ❛♥❞ ❤❡✐❣❤t ❤ ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ ♣♦✐♥ts P0✱ P1✱ P2✱ P3
♦❢ t❤❡ tr✐❛♥❣❧❡ ♣r✐s♠ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✶✮✳
❤ ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ t✇♦ st❡♣s✳ ■♥ t❤❡ ✜rst st❡♣ t❤r❡❡ ✈❡❝t♦rs ~k✱~j✱~d ❛r❡ ❞❡✜♥❡❞
❞✉❡ t♦ t❤❡ tr✐❛♥❣❧❡s ♣r✐s♠ ♣♦✐♥ts✿
✹✵
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
❋✐❣✉r❡ ✹✳✶✵✿ ❉✐✈✐s✐♦♥ ♦❢ t❤❡ ❝✉t ✈♦❧✉♠❡ ❜② tr✐❛♥❣❧❡ ♣r✐s♠s ✐♥ t❤❡ ❝♦✉rs❡ ♦❢
❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ∆X
d

j
k

i

1P
2P
3P
0P Surface A
1h
2h
❋✐❣✉r❡ ✹✳✶✶✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣r✐s♠ ✈❡❝t♦rs ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♣r✐s♠
❤❡✐❣❤t ❤ ✐♥ t❤❡ r♦✉t✐♥❡s ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ∆X
~k = P1 − P0 ✭✹✳✸✽✮
✹✶
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
~j = P2 − P0 ✭✹✳✸✾✮
~d = P3 − P0. ✭✹✳✹✵✮
❚❤❡ ✈❡❝t♦r❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❣✐✈❡s t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ~i
~i = ~k ×~j ✭✹✳✹✶✮
❆❢t❡r ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ ~i ✈✐❛❀
~I =
~i
~|i|
✭✹✳✹✷✮
~I ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ s❡❝♦♥❞ st❡♣ t♦ ❞❡t❡r♠✐♥❡ ❤ ✉s✐♥❣ s❝❛❧❛r ✈❡❝t♦r❛❧ ♠✉❧t✐♣❧✐✲
❝❛t✐♦♥✿
h1 = ~d · ~I ✭✹✳✹✸✮
❚❤❡ s✉r❢❛❝❡ ❛r❡❛ ✭❆✮ ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿
A = |~k|h2/2 ✭✹✳✹✹✮
❚❤❡ s✉♠ ♦❢ Vi ♦❢ tr✐❛♥❣❧❡ ♣r✐s♠ ✈♦❧✉♠❡s ❣✐✈❡s t❤❡ ❝✉t ✈♦❧✉♠❡ ❱❀
V =
n−1∑
i=0
Vi ✭✹✳✹✺✮
✹✷
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
∆X ✐s t❤❡ ❧❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❝✉t ✈♦❧✉♠❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡
♣❧❛♥❡✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❝❡♥tr♦✐❞ ♣♦✐♥t ♦❢ t❤❡ ❝✉t ✈♦❧✉♠❡✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✜♥❞
t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ tr✐❛♥❣❧❡s ♦❢ t❤❡ ♣r✐s♠ ❛♥❞ t❤❡♥ t♦ ✜♥❞ t❤❡ ❝❡♥tr♦✐❞ ♦❢ ♣r✐s♠
✈♦❧✉♠❡s ✜rst✳
❆s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✶✷✱ ✈❡❝t♦rs ~k✱~c ❛r❡ t❤❡ ❡❞❣❡s ♦❢ t❤❡ s✉r❢❛❝❡ ❆ ❛♥❞
~m ✐s t❤❡ ✈❡❝t♦r ✇❤✐❝❤ ❞✐✈✐❞❡s ~c ✐♥t♦ t✇♦ ❡q✉❛❧ ♣❛rts✳
f

m

k

c

1P
2P
3P
0P
∆CentroidP
lumeCentroidVoP
surface A
❋✐❣✉r❡ ✹✳✶✷✿ ❙❝❤❡♠❛t✐❝ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞ ♣♦✐♥t ♦❢ ❛ tr✐❛♥❣❧❡
♣r✐s♠ ✐♥ t❤❡ r♦✉t✐♥❡s ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ∆X
~c = P2 − P1 ✭✹✳✹✻✮
P12 ✐s t❤❡ ♠✐❞❞❧❡ ♣♦✐♥t ♦❢ ~c ❛♥❞ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦
P12 = (P2 + P1)/2 = P0 + ~k + ~c/2 ✭✹✳✹✼✮
~m = P12 − P0 ✭✹✳✹✽✮
❚❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ tr✐❛♥❣❧❡ ✐s t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ❜②
✹✸
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
PCentroid∆ = P0 + 2/3~m = P0 + 2/3(~k + ~c/2). ✭✹✳✹✾✮
~f ✐s t❤❡ ✈❡❝t♦r ❜❡t✇❡❡♥ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ tr✐❛♥❣❧❡ ❛♥❞ P3 ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✷✮✿
~f = P3 − PCentroid∆ ✭✹✳✺✵✮
❚❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ tr✐❛♥❣❧❡ ♣r✐s♠ ✐s
PCentroidV olume = PCentroid∆ + 1/4~f. ✭✹✳✺✶✮
❇② r❡♣❧❛❝❡♠❡♥t ✐t ❜❡❝♦♠❡s✿
PCentroidV olume =
3
4
PCentroid∆ +
1
4
P3. ✭✹✳✺✷✮
❚❤❡ ❝❡♥tr♦✐❞ ✈❡❝t♦r ♦❢ ❝✉t ✈♦❧✉♠❡ ~V ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢✉rt❤❡r ❢r♦♠ t❤❡ ❝❡♥✲
tr♦✐❞s ♦❢ t❤❡ tr✐❛♥❣❧❡ ♣r✐s♠s ~Vi ✉s✐♥❣✿
~V =
1
V
∑
Vi ~Vi. ✭✹✳✺✸✮
✹✳✸✳✷ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ✇✐t❤ P▲■❈✲✶
♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣t ✐♥ ✷✲❉ s✐♠✉❧❛t✐♦♥s
■♥ ✷✲❉ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ∆X ✐s ♠✉❝❤ s✐♠♣❧❡r s✐♥❝❡ ♥♦ tr✐❛♥❣❧❡ ♣r✐s♠s ❤❛✈❡ t♦ ❜❡
❝❛❧❝✉❧❛t❡❞✳ ❍♦✇❡✈❡r t❤❡ ✢♦✇❝❤❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s t❤❡ s❛♠❡ ❛s ✐t ✐s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✹✳✺✳
❆❣❛✐♥✱ t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡ ✭❧✐♥❡✮ ✐s tr❛♥s❢❡rr❡❞ t♦ ❛♥ ✐♥✐t✐❛❧ ♣♦✐♥t ✐♥ t❤❡ ❝❡❧❧
♠✐❞❞❧❡✱ ❛♥❞ t❤❡ ♣❤❛s❡ ✈♦❧✉♠❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✭s❡❡ ❋✐❣✉r❡
✹✳✻✮✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ✐s ❝❤❛♥❣❡❞ ✉♥t✐❧ t❤❡ ♣❤❛s❡ ✈♦❧✉♠❡s ❛r❡ ❝♦♥s✐st❡♥t
t♦ t❤❡ ♣❤❛s❡ r❛t✐♦ ❢✳
✹✹
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
❚❤❡ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿
ax+ by = c ✭✹✳✺✹✮
✇❤❡r❡✐♥ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❡①❡♠♣❧❛r② s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✶✳
❈♦❡✣❝✐❡♥ts ❛ ❜ ❝
❢♦r ①❂✵ ✶ ✵ ✵
❢♦r ①❂✶ ✶ ✵ ✶
❢♦r ②❂✵ ✵ ✶ ✵
❢♦r ②❂✶ ✵ ✶ ✶
❚❛❜❧❡ ✹✳✶✿ ❈♦❡✣❝✐❡♥ts ❢♦r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ♦❢ ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ✐♥ ✷❉
❚❤❡ ✐♥t❡r❢❛❝❡ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❛ ♣♦✐♥t ❛♥❞ ❛ ♥♦r♠❛❧ ✈❡❝t♦r ✐♥ ✷❉✳ ■❢ P0 ✐s
t❛❦❡♥ ❛s t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ✐♥t❡r❢❛❝❡ ♣❧❛♥❡
❡q✉❛t✐♦♥✿
nx(x− Px,0) + ny(y − Py,0) = 0 ✭✹✳✺✺✮
■t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
nxx+ nyy = d ✭✹✳✺✻✮
✇✐t❤ ❞❂P0(nx + ny)✳
❯s✐♥❣ t❤❡ ❈r❛♠❡r✬s r✉❧❡ ✐♥ ♠❛tr✐① ❢♦r♠✱ ✇❤✐❝❤ ✐s ✉s❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛
s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱ t❤❡ ❝✉t ♣♦✐♥ts ①✱ ❛♥❞ ② ❛t ❝❡❧❧ ❜♦✉♥❞❛r✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞
✇✐t❤ t❤❡ s❡t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✿
[
a b
nx ny
][
x
y
]
=
[
c
d
]
✭✹✳✺✼✮
✹✺
✹✳ ▼❆❚❍❊▼❆❚■❈❆▲ ▼❖❉❊▲■◆●
x =
∣∣∣∣∣ c bd ny
∣∣∣∣∣ /
∣∣∣∣∣ a bnx ny
∣∣∣∣∣ ✭✹✳✺✽✮
y =
∣∣∣∣∣ a cnx d
∣∣∣∣∣ /
∣∣∣∣∣ a bnx ny
∣∣∣∣∣ ✭✹✳✺✾✮
❉✉❡ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ t❤❡r❡ ❛r❡ ♦♥❧② ✹ ❝❛s❡s ✐♥ ✷✲❉ ❝❛s❡s ❛s ✐t
✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✶✸✳ ❚❤❡ ♣♦❧②❣♦♥ ♦❢ ♦♥❡ ♣❤❛s❡ ✐♥ t❤❡ ❝❡❧❧ ✐s ❞❡✜♥❡❞ ❜② ✐ts
❡❞❣❡ ♣♦✐♥ts ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✭xi✱②i✮✱ ✐❂✵ t♦ ❩✲✶✳ ❚❤❡ ❧❛st ❡❞❣❡ ♣♦✐♥t ✭①Z ✱②Z✮ ✐s
t❤❡ s❛♠❡ ❛s t❤❡ ✜rst✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❛r❡❛ ❝❛❧❝✉❧❛t✐♦♥✿
→
n
xi,j
gas
interface
c(x,y)
yi,j
→
n
yi,jgas
interface
c(x,y)
yi,j
→
n
xi,j
interface
c(x,y)
xi,j
xi,j
gas
interface
yi,j
0,0 1,0
0,1 1,1
0,0 1,0
0,1 1,1
0,0 1,0
0,1 1,1
0,0 1,0
0,1 1,1
→
n c(x,y)
gas
❋✐❣✉r❡ ✹✳✶✸✿ ❉✐✛❡r❡♥t ❝❛s❡s ♦❢ ✐♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ✐♥ ✷❉ ✇✐t❤ ❝♦♥s❡q✉❡♥❝❡s ♦♥
t❤❡ ♣❤❛s❡ s❤❛♣❡ ✭♣♦❧②❣♦♥ t②♣❡✮✳
A =
1
2
Z−1∑
i=1
(xiyi+1 − xi+1yi). ✭✹✳✻✵✮
❚❤❡ ❝❡♥tr♦✐❞ ❝ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ❧✐q✉✐❞ ❛r❡❛ ✐s ❛❧s♦ ❝❛❧❝✉❧❛t❡❞ ✈✐❛ t❤❡ ♣♦❧②❣♦♥
✹✻
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❛ss✉♠✐♥❣ ❡q✉❛❧ ❞❡♥s✐t② ✐♥ t❤❡ ❝❡❧❧✳ ❚❤❡♥ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ✉s❡❞ ❢♦r t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❝❡♥t❡r ♣♦✐♥ts ✐♥ ① ❛♥❞ ② ❝♦♦r❞✐♥❛t❡s✿
cx =
1
6A
Z−1∑
i=1
(xi + xi+1)(xiyi+1 − xi+1yi) ✭✹✳✻✶✮
cy =
1
6A
Z−1∑
i=1
(yi + yi+1)(xiyi+1 − xi+1yi) ✭✹✳✻✷✮
✹✳✸✳✸ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ✇✐t❤ P▲■❈✲✷
♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣t
❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ❜❛s❡❞ ♦♥ P▲■❈✲✷ ✐s ❡❛s✐❡r t❤❛♥ t❤❡
P▲■❈✲✶ ❝♦♥❝❡♣t✳ ❙✐♥❝❡ ❝✉❜✐❝ ❝❡❧❧s ✇❡r❡ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s t❤❡ ✐♥❞✐✈✐❞✉❛❧
♣❤❛s❡s ❛r❡ s❡♣❛r❛t❡❞ ✐♥t♦ ❝✉❜♦✐❞s s❡❝t✐♦♥s ❛♥❞ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ✐s r❡❝t❛♥❣✉❧❛r
t♦ ♦♥❡ ♦❢ t❤❡ ❝❡❧❧ ✇❛❧❧s✳ ❚❤✉s t❤❡ ∆X ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥ ❢♦r ❛ ✉♥✐t ❝❡❧❧✿
∆X =
1− f
2
.L ✭✹✳✻✸✮
❍❡r❡ t❤❡ ▲✱ ❝♦rr❡s♣♦♥❞s t♦ ♠❡s❤ s✐③❡✱ ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✳
✹✼
❈❤❛♣t❡r ✺
❚✇♦ P❤❛s❡ ❋❧♦✇ ❘❡s✉❧ts
✺✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥s ❢♦r t✇♦ ♣❤❛s❡ ✢♦✇s
■❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❛r❡ ♣r❡♠✐①❡❞ ❛♥❞ s✉❜s❡q✉❡♥t❧② ❢❡❞ t♦ ❛ r❡❛❝t♦r✱
s❡❣r❡❣❛t✐♦♥ ❛♥❞ ♠❛❧❞✐str✐❜✉t✐♦♥ ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❝❛♥ ♦❝❝✉r✳ ❚♦ ❛✈♦✐❞ ❛ ❤✐❣❤ ❣❛s t♦
❧✐q✉✐❞ r❛t✐♦ ✇✐t❤ ❛♥♥✉❧❛r ✢♦✇ ❛♥❞ ❧♦✇❡r ♠❛ss tr❛♥s♣♦rt ❞✉❡ t♦ r❡❞✉❝❡❞ ✐♥t❡r❢❛❝✐❛❧
❛r❡❛ ❛♥❞ t❤✉s t♦ ✐♥❝r❡❛s❡ t❤❡ r❡s✐❞❡♥❝❡ t✐♠❡ ♦❢ t❤❡ ❧✐q✉✐❞ ❛t ❝♦♥st❛♥t r❡❛❝t♦r
✈♦❧✉♠❡ ✭❤✐❣❤❡r ❝♦♥✈❡rs✐♦♥✮✱ s❡q✉❡♥t✐❛❧ ❢❡❡❞✐♥❣ ♦❢ ❤②❞r♦❣❡♥ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r
❛❧t❡r♥❛t✐✈❡❧② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✭s❡❡ ❋✐❣✉r❡ ✺✳✶✮✳ ❇② t❤✐s ❛♣♣r♦❛❝❤ ✐t ✐s ❢✉rt❤❡r
♣♦ss✐❜❧❡ t♦ ❝♦♥tr♦❧ t❤❡ ❜✉❜❜❧❡ s✐③❡ ❛♥❞ t❤❡ ✢♦✇ r❡❣✐♠❡✳
❋✉rt❤❡r♠♦r❡ ❤②❞r♦❣❡♥ ❛❞❞✐t✐♦♥ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ ❝❛♥ ❜❡ ❛❞❥✉st❡❞ t♦ ❡❛❝❤
♦t❤❡r ❛♥❞ t❤❡ s♣❛❝❡ t✐♠❡ ②✐❡❧❞ ✐♥ t❤❡ r❡❛❝t♦r ❝❛♥ ❜❡ ♠❛①✐♠✐③❡❞ ✇✐t❤♦✉t ❧♦♦s✐♥❣
♦✈❡r❛❧❧ st♦✐❝❤✐♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ❛♥❞ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞ ✇✐t❤ ♣✉r❡ r❡❛❝t❛♥t
❣❛s✳
❚❤❡ ❝❛t❛❧②st ❝♦♥❝❡♣t ❝❛♥ ❜❡ t✇♦✲❢♦❧❞✿ ✇❛❧❧ ♠✐❣❤t ❜❡ ❝♦❛t❡❞ ✇✐t❤ ❝❛t❛❧②st ♦r
t❤❡ ♠✐❝r♦r❡❛❝t♦r ❝❛♥ ❜❡ ✜❧❧❡❞ ✇✐t❤ ❝❛t❛❧②st ♣❛rt✐❝❧❡s✳ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥✲
t❛❣❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ❝❛t❛❧②st ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✺✳✶✳
❙✐♥❝❡ t❤❡ ✇❛❧❧ ❝♦❛t❡❞ ❝❛t❛❧②st ❤❛s ♠♦r❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❛❞✈❛♥✲
t❛❣❡s✱ t❤✐s ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✇❛s s❡❧❡❝t❡❞ ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥s ✐♥ t❤✐s t❤❡s✐s✳
▼♦r❡♦✈❡r ❇❛✉❡r ❡t ❛❧✳ ❬✻✽❪ st✉❞✐❡❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♠♦♥♦❧✐t❤ r❡❛❝t♦rs ✇✐t❤
❞✐✛❡r❡♥t ✢♦✇ r❡❣✐♠❡ ✭❚❛②❧♦r ✢♦✇ ❛♥❞ ✜❧♠ ✢♦✇✮ ❛♥❞ ❝♦♠♣❛r❡❞ ✐t t♦ tr✐❝❦❧❡ ❜❡❞
r❡❛❝t♦rs✳ ❚❤❡ ❛✉t❤♦rs ❢♦✉♥❞ t❤❛t t❤❡ ♠♦♥♦❧✐t❤ r❡❛❝t♦r ❤❛s ♠♦r❡ ❛❞✈❛♥t❛❣❡s t❤❛♥
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g
Nitrobenzene
H
y
d
r
o
g
e
n
Bubble
Wall 
Coated
•Low G/L ratio
•Control of gas 
bubble size
•Control of gas 
distribution 
•High interfacial 
area
❋✐❣✉r❡ ✺✳✶✿ ❙❝❤❡♠❡ ❛♥❞ ❛❞✈❛♥t❛❣❡s ♦❢ s❡q✉❡♥t✐❛❧ ❢❡❡❞✐♥❣ ♦❢ ❣❛s ✐♥ ♠✐❝r♦r❡❛❝t♦r
❈❛t❛❧②st ✇❛❧❧ ❝♦❛t❡❞ ❋✐❧❧✐♥❣ ✇✐t❤ ❝❛t❛❧②st ♣❛rt✐❝❧❡s
■♥❞✉str✐❛❧ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❉✐s❛❞✈❛♥t❛❣❡s
✰ ▲♦✇ ❛♠♦✉♥t ♦❢ ❤✐❣❤❧② ❛❝t✐✈❡ ❝❛t❛❧②st ✰ ❈❛t❛❧②sts ✐s ❝❤❛♥❣❡❛❜❧❡ ✐♥ ❝❛s❡ ♦❢ ❞❡✲
❛❝t✐✈❛t✐♦♥
✲ ▼✐❝r♦str✉❝t✉r❡❞ ❡❧❡♠❡♥ts ♥❡❡❞ t♦ ❜❡
❝❤❛♥❣❡❞ ✐♥ ❝❛s❡ ♦❢ ✐rr❡✈❡rs✐❜❧❡ ❞❡❛❝t✐✈❛✲
t✐♦♥
✰ ❙t❛♥❞❛r❞ ❝❛t❛❧②st ✐s ❛♣♣❧✐❝❛❜❧❡
◆✉♠❡r✐❝❛❧ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❉✐s❛❞✈❛♥t❛❣❡s
✰ ❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s t❛❦❡ ♣❧❛❝❡ ♦♥ ❡❢✲
❢❡❝t✐✈❡❧② ❝♦♦❧❡❞ ✇❛❧❧
✲ ❈❛t❛❧②st ♣❛rt✐❝❧❡s ❛r❡ t②♣✐❝❛❧❧② t♦♦
s♠❛❧❧ ✭❞♣❂✵✳✵✹ ♠♠✮ t♦ ❜❡ r❡s♦❧✈❡❞ ❛s
✐♥❞✐✈✐❞✉❛❧ ♣❛rt✐❝❧❡s
✰ ❘❡❧❛t✐✈❡❧② ❡❛s✐❡r t♦ ✈❡r✐❢② s✐♠✉❧❛t✐♦♥ ✲ ❍✐❣❤ ❝❛❧❝✉❧❛t✐♦♥ t✐♠❡
❊①♣❡r✐♠❡♥t❛❧ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❉✐s❛❞✈❛♥t❛❣❡s
✰ P❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣❤❡♥♦♠❡♥❛
❝❛♥ ❡✈❡♥t✉❛❧❧② ❜❡ ♦❜s❡r✈❡❞ ✇✐t❤ ♦♣t✐✲
❝❛❧ ❛❝❝❡ss t♦ t❤❡ ♠✐❝r♦❝❤❛♥♥❡❧✳
✲ P❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❝❛♥
♥♦t ❜❡ ♦❜s❡r✈❡❞ ❡❛s✐❧② ❜❡❝❛✉s❡ ♦❢ ❝❛t❛✲
❧②sts ♣❛rt✐❝❧❡s ✐♥ ♠✐❝r♦r❡❛❝t♦r✳
❚❛❜❧❡ ✺✳✶✿ ❆❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s ♦❢ ❞✐✛❡r❡♥t ❝❛t❛❧②st ✐♥t❡❣r❛t✐♦♥ ♠❡t❤✲
♦❞s ✐♥ ♠✐❝r♦r❡❛❝t♦rs
✹✾
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t❤❡ tr✐❝❦❧❡ ❜❡❞ r❡❛❝t♦rs ❛♥❞ t❤❛t ✜❧♠ ✢♦✇ ❣✐✈❡s ❤✐❣❤❡r ❝♦♥✈❡rs✐♦♥ ♣❡r ♣❛ss ❛t t❤❡
s❛♠❡ r❡❛❝t♦r ❧❡♥❣t❤ ✐♥ ♠♦♥♦❧✐t❤ r❡❛❝t♦rs✳ ❙✐♠✐❧❛r ❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
♦t❤❡r ❛rt✐❝❧❡s ❬✻✽✱ ✻✾❪✳ ▼♦♥♦❧✐t❤ r❡❛❝t♦rs ♣♦ss❡ss❡❞ ❛ t❤r❡❡ t✐♠❡ ❤✐❣❤❡r ♣r♦❞✉❝✲
t✐✈✐t② ✇❤✐❧❡ ✉s✐♥❣ ❢♦✉r t✐♠❡s ❢❡✇❡r ❝❛t❛❧②st✳
❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ ♠✐❝r♦str✉❝t✉r❡❞ r❡❛❝t♦r ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❧❛❜♦r❛t♦r② ✐♥ t❤✐s
t❤❡s✐s✳ ❋✐❣✉r❡ ✺✳✸ s❤♦✇s ❛ s❝❛♥♥✐♥❣ ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ✭❙❊▼✮ ♣✐❝t✉r❡ ♦❢ t❤❡ ❣❛s
✐♥❧❡t ✐♥t♦ t❤❡ ♠✐❝r♦❝❤❛♥♥❡❧s✳ ❋♦r t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s t✇♦ ❞✐✛❡r❡♥t ❞✐❛♠❡t❡rs
♦❢ ❣❛s ✐♥❧❡t ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✿ ✹✵ µ♠✱ ✶✵✵ µ♠✳
PTFE Sealing
Spacer
Quartz Window (35 x 150 mm)
Reactant Inlet/Outlet
Catalyst Foil 
(Gas/Liquid/Catalyst 
Interconnector)
Gas Distribution Foil
Heating Fluid Foil
Heating Fluid Inlet/Outlet
Stainless Steel Sheet 58x210x1 mm
Limits:
30 bar
200°C
❋✐❣✉r❡ ✺✳✷✿ ❊①♣❧♦❞❡❞ ✈✐❡✇ ✭❈❆❉✮ ❛♥❞ ❛ss❡♠❜❧❡❞ t❡st r❡❛❝t♦r
❆ r❡❧❡✈❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❛s ❝❤♦s❡♥ ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ t✐♠❡ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❡✛❡❝ts ♦♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r✳
❋✐❣✉r❡ ✺✳✹ s❤♦✇s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ r❡♣r❡s❡♥t✐♥❣ ❛ ♣❛rt ♦❢ ♦♥❡ ♦❢ t❤❡
♠✐❝r♦❝❤❛♥♥❡❧s ✐♥s✐❞❡ t❤❡ ♠✐❝r♦❝❤❛♥♥❡❧s ✐♥s✐❞❡ t❤❡ ♠✐❝r♦r❡❛❝t♦r✳ ❚❤❡ ❞✐❛♠❡t❡r
♦❢ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t ✐s ✹✵ µ♠ ❛♥❞ ✐s ♠♦❞❡❧❧❡❞ ❛s ❛ ❝②❧✐♥❞❡r✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❤②❞r♦❣❡♥ ✐♥❧❡t ❤♦❧❡ ✐s ✵✳✶ ♠♠✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s
✷✳✾✷✱ ✵✳✹✱ ❛♥❞ ✶ ♠♠ ✐♥ t❤❡ ③✲✱ ②✲✱ ❛♥❞ ①✲❞✐r❡❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚✇♦ ♠✐❞✲♣❧❛♥❡s
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      Hydrogen Inlet 
❋✐❣✉r❡ ✺✳✸✿ ❍②❞r♦❣❡♥ ✐♥❧❡t ✐♥t♦ t❤❡ ♠✐❝r♦❝❤❛♥♥❡❧s ♦❢ t❤❡ st❛✐♥❧❡ss st❡❡❧ ✐♥s✐❞❡
t❤❡ ♠✐❝r♦r❡❛❝t♦r
❛r❡ ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹ ✲ t❤❡ s♦ ❝❛❧❧❡❞ ❨❩ ❛♥❞ ❨❳ ♣❧❛♥❡s✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❝♦♥s✐sts ♦❢ t✇♦ ❣❡♦♠❡tr✐❡s❀ ❛ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧
❛♥❞ ❛ ❝②❧✐♥❞r✐❝❛❧ ✐♥❧❡t✳ ■♥ t❡r♠ ♦❢ ♠❡s❤ ❝r❡❛t✐♦♥ ✐♥ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦
❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❝ ❢♦r♠s ❛ str✉❝t✉r❛❧ ♠❡s❤ ♠❡t❤♦❞ ✇❛s ❝❤♦s❡♥ s✐♥❝❡ ✐t ❣✐✈❡s ❛
❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡✳ ❋♦r t❤❡ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧ t❤❡ ✐♥t❡r✈❛❧ ♠❡s❤ s✐③❡ ✐s ✵✳✵✷
♠♠ ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥ ✭①✱ ②✱ ③✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ✺✵ ① ✷✵ ① ✶✹✻ str✉❝t✉r❛❧
❤❡①❛❤❡❞r❛❧ ❝❡❧❧s ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❋♦r t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t ✶✷ ♠❡s❤
❝❡❧❧s ♦♥ t❤❡ ✐♥❧❡t ❤♦❧❡ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❞ ✺ ♠❡s❤ ❛❧♦♥❣ t❤❡ ✵✳✶ ♠♠ ❧❡♥❣t❤ ❛r❡ ✉s❡❞✳
❆ ✧P❛✈❡ ❚②♣❡✧ ♠❡s❤ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥❧❡t ❢❛❝❡ ♦❢ ❤②❞r♦❣❡♥ ❣❛s ❛♥❞ ❛ str✉❝t✉r❛❧
♠❡s❤ ✇❛s ✉s❡❞ ❛❧♦♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t✳ ❚♦ ♣r❡✈❡♥t ❛♥❞ ♠✐♥✐♠✐③❡
❛ ❞✐✈❡r❣❡♥❝❡ ❛t t❤❡ ❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t ❛♥❞ t❤❡ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧
❛ ♠❡s❤ ❝♦♠❜✐♥❛t✐♦♥ ❛♥❞ ❝♦♥s✐st❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡
❤②❞r♦❣❡♥ ✐♥❧❡t ❛♥❞ t❤❡ r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧ ✇❛s ♣r♦✈✐❞❡❞✳ ❆s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥
❢♦r❝❡ ♠✐❣❤t ❜❡ r❡❧❡✈❛♥t ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s✱ ❛ q✉❛❞r✐❧❛t❡r❛❧ ❛♥❞ ❤❡①❛❤❡❞r❛❧ ♠❡s❤
str✉❝t✉r❡ ✇❛s ❛♣♣❧✐❡❞ ❛❝❝♦r❞✐♥❣ t♦ r❡❝♦♠♠❡♥❞❛t✐♦♥s ♦❢ t❤❡ ❆◆❙❨❙ ❋▲❯❊◆❚
✉s❡r ❣✉✐❞❡ ❬✼✵❪✳ ❚❤❡ ◗❯■❈❑ s❝❤❡♠❡ ❢♦r ♠♦♠❡♥t✉♠ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❛s ❛♣♣❧✐❡❞
s✐♥❝❡ ✐t ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ♦♥ str✉❝t✉r❡❞ ❣r✐❞s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ✢♦✇ ❞✐r❡❝t✐♦♥✳
❙✐♥❝❡ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s tr❛♥s✐❡♥t✱ ❛ P■❙❖ s❝❤❡♠❡ ✇❛s ✉s❡❞ ❢♦r ♣r❡ss✉r❡✲✈❡❧♦❝✐t②
❞✐s❝r❡t✐③❛t✐♦♥✳
❚❤❡ ❛♣♣❧✐❡❞ ❤②❞r♦❣❡♥ ♠❛ss ✢✉① ❛♠♦✉♥ts t♦ ✷✳✺✻ ❦❣✴♠2s ✐♥ t❤❡ ②✲❞✐r❡❝t✐♦♥
✭r❡❢❡rr✐♥❣ t♦ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❧❡t ❤♦❧❡✮✱ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ✐s s✉♣♣❧✐❡❞
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❋✐❣✉r❡ ✺✳✹✿ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r t✇♦ ♣❤❛s❡ ✢♦✇ ✐♥✈❡st✐❣❛t✐♦♥s ✇✐t❤ r❡✲
s♣❡❝t t♦ t❤❡ ♠✐①✐♥❣ ③♦♥❡
✇✐t❤ ❛ ✶✳✶✹ ❦❣✴♠2s ♠❛ss ✢✉① ✐♥ t❤❡ ③✲❞✐r❡❝t✐♦♥ ✭r❡❢❡rr✐♥❣ t♦ t❤❡ r❡❝t❛♥❣✉❧❛r
✐♥❧❡t s✉r❢❛❝❡ ❛t t❤❡ ❝❤❛♥♥❡❧ ❜♦tt♦♠✮✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❝❤♦s❡♥ ❢♦r t❤❡ ❞❡s✐r❡❞
r❛t✐♦ ♦❢ r❡❛❝t❛♥ts ✭st♦✐❝❤✐♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s✮ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❝✐r❝✉♠st❛♥❝❡s ❢♦r
t❤❡ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦❞②♥❛♠✐❝ s✐♠✉❧❛t✐♦♥s ✇✐t❤ t❤❡ s♣❡❝✐✜❝ ❣❛s✲❧✐q✉✐❞✲s♦❧✐❞
s②st❡♠✳ ❆✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s ❛t t❤❡ ✐♥❧❡ts ❛r❡ ❛❜♦✉t ✺ ♠✴s ❛♥❞ ✵✳✵✵✶ ♠✴s ❢♦r
❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❛ss✉♠✐♥❣ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ ✶✷✵0
❈ ❞❡❣r❡❡ ❛♥❞ ✶✵ ❜❛r ❢♦r t❤❡ ❤②❞r♦❣❡♥❛t✐♦♥ r❡❛❝t✐♦♥✳
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✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
✺✳✷ ❘❡s✉❧ts ♦❢ t✇♦ ♣❤❛s❡ ✢♦✇s
✺✳✷✳✶ ■♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥✱ ✢♦✇ ❞✐r❡❝t✐♦♥✱ ✐♥❧❡t ✈❡✲
❧♦❝✐t②✱ ❛♥❞ ✇❡tt❛❜✐❧✐t② ♦♥ ✢♦✇ r❡❣✐♠❡
❚❤✐s s❡❝t✐♦♥ ❛❞❞r❡ss❡s t❤❡ ♠❛❥♦r ✐♥✢✉❡♥❝❡s ♦♥ t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s ✐♥ ❛
♠✐❝r♦str✉❝t✉r❡❞ r❡❛❝t♦r s✐♥❝❡ t❤❡ ♠✐①✐♥❣ ❛♥❞ t❤❡ r❡❛❝t✐♦♥ ③♦♥❡ ✐s ❝♦♠❜✐♥❡❞ ✐♥
t❤❡ r❡❛❝t♦r ❛♣♣r♦❛❝❤✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥t❡r❡sts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❣❡♥❡r❛t✐♦♥ ✐s t❤❡
s❤❛♣❡ ♦❢ t❤❡ ❜✉❜❜❧❡s s✐♥❝❡ ❜✉❜❜❧❡ tr❛✐♥ ✢♦✇ ✇♦✉❧❞ ②✐❡❧❞ t❤❡ ❤✐❣❤❡st ✐♥t❡r❢❛❝✐❛❧
❛r❡❛ ✐♥s✐❞❡ t❤❡ ♠✐❝r♦r❡❛❝t♦r✳ ❆♥♦t❤❡r ❢♦❝✉s ✐s ❛❧s♦ ♦♥ ❤♦✇ t♦ ❤❛♥❞❧❡ ❜✉❜❜❧❡
❞❡t❛❝❤♠❡♥t ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r ❛♥❞ ❤♦✇ t♦ ❛✈♦✐❞ ❝♦❛❧❡s❝❡♥❝❡✳ ❆❧❧ t♦❣❡t❤❡r ❛❧s♦
♣r♦✈✐❞❡s ❡✣❝✐❡♥t❧② ❞❡s✐❣♥ ♦❢ ❣❛s✲❧✐q✉✐❞ r❡❛❝t♦rs✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡t❡rs ✇❡r❡ ❝❤♦s❡♥ ❢♦r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ t❡r♠s ♦❢ ❜✉❜❜❧❡
❢♦r♠❛t✐♦♥✿
✶✳ ❋❧♦✇ ❞✐r❡❝t✐♦♥ ♦❢ ✐♥❧❡t
✷✳ ❙✉r❢❛❝❡ t❡♥s✐♦♥ ❡✛❡❝t
✸✳ ■♥✢✉❡♥❝❡ ♦❢ ❣r❛✈✐t②
✹✳ ❈♦✲ ♦r ❝♦✉♥t❡r✲❝✉rr❡♥t ✢♦✇ ❝♦♥❝❡♣t
✺✳ ❈r✐t✐❝❛❧ ✐♥❧❡t ❧✐q✉✐❞ ✈❡❧♦❝✐t② t♦ ❝r❡❛t❡ ❜✉❜❜❧❡ tr❛✐♥ ✢♦✇
■♥✈❡st✐❣❛t✐♦♥ ♦❢ ✐♥✢✉❡♥❝❡ ♦❢ ✇❡tt❛❜✐❧✐t② ✇✐❧❧ ❜❡ r❡♣♦rt❡❞ s❡♣❛r❛t❡❧② ✐♥ ❈❤❛♣t❡r
✺✳✷✳✷✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡str✐❝t✐♦♥s ❛♥❞ ❛ss✉♠♣t✐♦♥s ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛✈❡
❜❡❡♥ ♠❛❞❡✿
❼ ◆♦♥✲s❧✐♣ ✇❛❧❧ ❝♦♥❞✐t✐♦♥✳
❼ ❲❛❧❧ r♦✉❣❤♥❡ss ✐s ♥❡❣❧❡❝t❡❞✳
❼ ❇♦t❤ ✢✉✐❞s ❛r❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✭❞❡♥s✐t✐❡s ❛r❡ ❛❧♠♦st ❝♦♥st❛♥t ❛t ✶✷✵ 0❈ ❛♥❞
✶✵ ❜❛r ♦✈❡r t❤❡ s❤♦rt ❝❤❛♥♥❡❧ ❧❡♥❣t❤ s✐♠✉❧❛t❡❞✮✳
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✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❼ ❈♦♥t❛❝t ❛♥❣❧❡ ❜❡t✇❡❡♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ ✈❛r✐❡❞ ✐♥ st❡♣s ❜❡t✇❡❡♥ ✶✺0✱ ✾✵0✱ ❛♥❞
✶✻✺0 t♦ ❝♦✈❡r ❛ s❡t ♦❢ ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✳
❚❛❜❧❡ ✺✳✷ s❤♦✇s ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ❛♥❞ ❤②❞r♦❣❡♥ ❛t ✶✷✵0❈
❛♥❞ ✶✵ ❜❛r✳ ◆♦ ✐♥✢✉❡♥❝❡ ♦❢ s②st❡♠ ♣r❡ss✉r❡ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ♣❤②s✐❝❛❧
♣r♦♣❡rt✐❡s ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r❡ss✉r❡ ❞r♦♣ ✐♥ t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✈❡r② s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ s②st❡♠ ♣r❡ss✉r❡✳
❍②❞r♦❣❡♥ ✈✐s❝♦s✐t② ✶✳✵✻✺①✶✵−05 P❛✳s
❍②❞r♦❣❡♥ ❞❡♥s✐t② ✵✳✻✶✽ ❦❣✴♠3
❍②❞r♦❣❡♥ ♠❛ss ✢♦✇ ✢✉① ✷✳✺✻ ❦❣✴♠2s
◆✐tr♦❜❡♥③❡♥❡ ✈✐s❝♦s✐t② ✻✶✳✸①✶✵−05 P❛✳s
◆✐tr♦❜❡♥③❡♥❡ ❞❡♥s✐t② ✶✶✵✶✳✹ ❦❣✴♠3
◆✐tr♦❜❡♥③❡♥❡ ♠❛ss ✢♦✇ ✢✉① ✶✳✶✹ ❦❣✴♠2s
❙✉r❢❛❝❡ ❚❡♥s✐♦♥ ❈♦❡❡✜❝✐❡♥t ✵✳✵✸✷✺ ◆✴♠
❚❛❜❧❡ ✺✳✷✿ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ◆✐tr♦❜❡♥③❡♥❡ ✲❍②❞r♦❣❡♥ ❛t ✶✵ ❜❛r
❛♥❞ ✶✷✵0❈ ✭s❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✮
■♥ t❡r♠s ♦❢ r❡❧✐❛❜✐❧✐t② ❛♥❞ t❤✉s ❝♦rr❡❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❣❡♦♠❡tr②
❜② t❤❡ ❛♣♣❧✐❡❞ ❝♦❞❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❧② ♦♥ ♦✇♥ ♣r❡✈✐♦✉s st✉❞✐❡s ❬✸✺✱ ✼✶❪✳ ■t ✇❛s
❢♦✉♥❞ t❤❛t ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❣❛s ❛♥❞ ❧✐q✉✐❞ ♣❤❛s❡s✱ t❤❡
♠❡t❤♦❞ ♦❢ ❱❖❋ ✭✈♦❧✉♠❡✲♦❢✲✢✉✐❞✮ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝❛❧ r❡❝♦♥str✉❝✲
t✐♦♥ ♠❡t❤♦❞ t♦ tr❛❝❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ♣❤❛s❡s ✐s ✈❛❧✐❞❛t❡❞ ❛❣❛✐♥st ❡①♣❡r✐♠❡♥ts✳
■♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥✱ ❜✉♦②❛♥❝②✱ ✐♥❧❡t ❛♥❣❧❡ ❛♥❞ ✢♦✇ ❞✐r❡❝t✐♦♥ ❛r❡ s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✺✳✺ ❝❛❧❝✉❧❛t❡❞ ❢♦r ✶✵ ♠✐❧❧✐s❡❝♦♥❞s ❛❢t❡r st❛rt ♦❢ ❤②❞r♦❣❡♥ s✉♣♣❧② ✇✐t❤
❛ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✭❙❈❆✮ ♦❢ ✶✺0✳ ■♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ✈❡r② ✐♠♣♦r✲
t❛♥t✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✺✲❆✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ❧✐♥❡s ❛r❡ ❞✐✛❡r❡♥t ❢♦r t❤❡ ✧♥♦r♠❛❧✧
❝❛s❡✱ ✐✳❡✳ ✇✐t❤ s✉r❢❛❝❡ t❡♥s✐♦♥✱ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ ❝❛❧❝✉❧❛t❡❞ ✐♥t❡r❢❛❝❡ ❧✐♥❡s ✇✐t❤
③❡r♦ s✉r❢❛❝❡ t❡♥s✐♦♥✳ ❚❤✐s ✐s ❝♦❤❡r❡♥t ✇✐t❤ t❤❡ r❡❧❡✈❛♥t ❞✐♠❡♥s✐♦♥❧❡ss ♥✉♠❜❡rs✳
❘❡❧❡✈❛♥t ♥✉♠❜❡rs ❛r❡✿
❈❛♣✐❧❧❛r② ♥✉♠❜❡r
Ca =
µlUbub
σ
= 4.10−4
❲❡❜❡r ♥✉♠❜❡r
We =
ρlLU
2
bub
σ
= 0.012
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✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
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❋✐❣✉r❡ ✺✳✺✿ ●❛s✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ s❤❛♣❡ ✐♥ ❨❳ ♣❧❛♥❡ ✭✸❉✮❀ ❆✿ ■♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡
t❡♥s✐♦♥✱ ❇✿ ■♥✢✉❡♥❝❡ ♦❢ ❜✉♦②❛♥❝②✱ ❈✿ ■♥✢✉❡♥❝❡ ♦❢ ✐♥❧❡t ❛♥❣❧❡ ✭❜❡t✇❡❡♥ ♥✐tr♦❜❡♥✲
③❡♥❡ ❛♥❞ ❤②❞r♦❣❡♥✮✱ ❉✿ ■♥✢✉❡♥❝❡ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✢♦✇ ❞✐r❡❝t✐♦♥
✺✺
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❙✐♥❝❡ ❜♦t❤ ♥✉♠❜❡rs ❛r❡ s♠❛❧❧❡r t❤❛♥ ✶✱ s✉r❢❛❝❡ t❡♥s✐♦♥ ❝❛♥ ♥♦t ❜❡ ♥❡❣❧❡❝t❡❞
❬✼✷❪✳ ❚❤❡ ❜✉♦②❛♥❝② ❡✛❡❝t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✺✲❇✳ ❚❤❡ ✧♥♦r♠❛❧✧ ❝❛s❡ ✭❣r❛✈✐t②
❛❣❛✐♥st ✢♦✇ ❞✐r❡❝t✐♦♥✱ ✐✳❡✳ ❞♦✇♥✇❛r❞✮ ✐s str♦♥❣❧② ❞✐✛❡r❡♥t t♦ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
❣r❛✈✐t② ✐s ③❡r♦ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❆ ♣✉s❤✐♥❣ ❡✛❡❝t t♦ t❤❡ ❜✉❜❜❧❡ ❜② t❤❡ ❧✐q✉✐❞
✢♦✇ ✐s r❡❝♦❣♥✐③❛❜❧❡ ❞✉❡ t♦ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ✈❡rt✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜✉❜❜❧❡ ✇✐t❤♦✉t
❜✉♦②❛♥❝②✳ ❚♦ ✉♥❞❡rst❛♥❞ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛♥ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐♥❧❡t ❞✐r❡❝t✐♦♥
♦❢ ❤②❞r♦❣❡♥ ✐♥t♦ t❤❡ ♠✐❝r♦r❡❛❝t♦r ♦♥ t❤❡ ✢♦✇ ✜❡❧❞✱ t✇♦ ❞✐✛❡r❡♥t ✐♥❧❡t ❛♥❣❧❡s
✭❜❡t✇❡❡♥ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ✢♦✇ ❞✐r❡❝t✐♦♥✮ ❤❛✈❡ ❜❡❡♥ s✐♠✉❧❛t❡❞✳ ❆ ✹✺0
❛♥❣❧❡ ❛♥❞ ❛ ✾✵0 ❛♥❣❧❡ ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✺✲❈✳ ❚❤❡ ❋✐❣✉r❡ s❤♦✇s t❤❛t
t❤❡ ✐♥❧❡t ❛♥❣❧❡ ❞♦❡s ♥♦t ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❚❤✐s ♠✐❣❤t
❜❡ ❞✐✛❡r❡♥t ❢♦r ♦t❤❡r ✈❡❧♦❝✐t② r❛t✐♦s ❜❡t✇❡❡♥ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡✳ ❚❤❡
❋✐❣✉r❡ ✺✳✺✲❉ s❤♦✇s t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❝♦✲ ❛♥❞ ❝♦✉♥t❡r✲❝✉rr❡♥t ✢♦✇ ♦❢ ❤②❞r♦❣❡♥
❛♥❞ ♥✐tr♦❜❡♥③❡♥❡✳ ❚❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ✐♥ ❝♦✉♥t❡r✲❝✉rr❡♥t ✢♦✇ ✐s ❞✐✛❡r❡♥t t♦ t❤♦s❡
✐♥ ❝♦✲❝✉rr❡♥t ✢♦✇✳ ❚❤❡ ❡①t❡♥t ♦❢ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✢♦✇ ❞✐r❡❝t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡
✐♥✢✉❡♥❝❡ ♦❢ ❜✉♦②❛♥❝②✳ ■♥ s♦♠❡ ♦❢ t❤❡ ❛❜♦✈❡ s✐♠✉❧❛t✐♦♥s ✈❡r② s♠❛❧❧ ❧✐q✉✐❞ ❞r♦♣s
✐♥ ❣❛s ♣❤❛s❡ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ✭❋✐❣✉r❡ ✺✳✺✲❉✮✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ r❡❛s♦♥ ✐s
♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✱ ✐✳❡✳ ❛ s❤♦rt❝♦♠✐♥❣ ♦❢ t❤❡ ❛♣♣❧✐❡❞ t✐♠❡ st❡♣ s✐③❡ ✐♥ t❤❡ ❣❛s
❡♥tr② r❡❣✐♦♥✳ ❚❤❡ ✈❡❧♦❝✐t② ✐s r❛t❤❡r ❤✐❣❤ ✐♥ t❤❛t r❡❣✐♦♥✳
■♥ ♦r❞❡r t♦ ❣❡t s♠❛❧❧❡r ❜✉❜❜❧❡s ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♥✐tr♦❜❡♥③❡♥❡ ♠❛ss ✢♦✇ ✐s ♣♦s✲
s✐❜❧❡✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t ❞❡s✐r❡❞ ❢♦r t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s✐♥❝❡ ❧✐q✉✐❞ ✢♦✇ ❤❛s
t♦ ❜❡ r❡❝②❝❧❡❞ ❛t ❤✐❣❤ ❧✐q✉✐❞ ✢♦✇ r❛t❡ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡ t❤❡ r❡❛❝t✐♦♥✳ ◆❡✈✲
❡rt❤❡❧❡ss✱ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t✱ ❛♥ t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❧✐q✉✐❞ ✢♦✇ r❛t❡ ❢r♦♠
st♦✐❝❤✐♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s t♦ ❛ ❢❛❝t♦r ♦❢ ✶✵✱ ✶✵✵✱ ❛♥❞ ✶✵✵✵ ❤✐❣❤❡r ❧✐q✉✐❞ r❡❛❝t❛♥t
✢♦✇ r❛t❡ ❛t ❝♦♥st❛♥t ❣❛s ✢♦✇ r❛t❡ ✇❛s s✐♠✉❧❛t❡❞ ✭❋✐❣✉r❡ ✺✳✻✮✳ ❆t ❛ ❢❛❝t♦r ♦❢ ✶✵✵
❛ ❝r✐t✐❝❛❧ ♠❛ss ✢♦✇ r❛t❡ ✐s ♦❜t❛✐♥❡❞ t♦ ❞❡t❛❝❤ t❤❡ ❜✉❜❜❧❡ ❛♥❞ ♦❜t❛✐♥ ❜✉❜❜❧❡ tr❛✐♥
✢♦✇✳ ❖♥❡ ♦♣t✐♦♥ t♦ ❦❡❡♣ t❤❡ st♦✐❝❤✐♦♠❡tr✐❝ ❜❛❧❛♥❝❡ ✭♠❛✐♥t❛✐♥✐♥❣ ❜♦t❤ ✢♦✇ r❛t❡s✮
✐s ❛♣♣❧② ❛♥ ❡①tr❛ ❢♦r❝❡ ♦♥ t❤❡ ❧✐q✉✐❞✱ ❢♦r ❡①❛♠♣❧❡ ❜② ❛ ♣✉❧s❛t✐♦♥ ✭s✐♥✉s♦✐❞❛❧✮✳ ❚❤✐s
❤❛s✱ ❤♦✇❡✈❡r✱ ♥♦t ❜❡❡♥ s✐♠✉❧❛t❡❞✳
✺✻
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
Gas 
Inlet
Liquid Inlet
Gas
Liquid
❋✐❣✉r❡ ✺✳✻✿ ▲❛t❡r❛❧ ✈✐❡✇s ♦❢ ❜✉❜❜❧❡ ❣❡♥❡r❛t✐♦♥ ✐♥ ❛ ♠✐❝r♦❝❤❛♥♥❡❧ ❛t ✶✵ ♠✐❧❧✐s❡❝✲
♦♥❞s✳ ❋r♦♠ ❧❡❢t t♦ r✐❣❤t✿ ▲✐q✉✐❞ ♠❛ss ✢♦✇ r❛t❡ ✐s ✐♥❝r❡❛s❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ ✶✵✱ ✶✵✵✱
❛♥❞ ✶✵✵✵ ❝♦♠♣❛r❡❞ t♦ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❛❜❧❡ ✺✳✷
✺✳✷✳✷ ◆✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ✢♦✇ r❡❣✐♠❡
♦♥ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡
❙✐♥❝❡ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♣❧❛②s ❛ ❜✐❣ r♦❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✢✉✐❞ r❡❣✐♠❡ ✐♥
♠✐❝r♦r❡❛❝t♦rs ❬✹✶❪ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤✐s
s❡❝t✐♦♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳
❋✐❣✉r❡ ✺✳✼ s❤♦✇s t❤r❡❡ ❝❛s❡s ♦❢ ❝♦♠♣✉t❛t✐♦♥s ❢♦r ❣❡♥❡r❛t✐♦♥ ♦❢ ❜✉❜❜❧❡s ❛t t❤❡
❤②❞r♦❣❡♥ ✐♥❧❡t ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥t❛❝t ❛♥❣❧❡s✿ ✶✺0✱ ✾✵0 ❛♥❞ ✶✻✺0✳ ❆❧❧ ❝♦♠♣✉t❛t✐♦♥s
r❡♣r❡s❡♥t ❛ t✐♠❡ ♦❢ ✶✵ ♠s ❛❢t❡r st❛rt ♦❢ ❤②❞r♦❣❡♥ ❢❡❡❞✐♥❣✳ ❚❤❡ ❝♦♥t❛❝t ❛♥❣❧❡✱
✇❤✐❝❤ ✐s ❛ r❡s✉❧t ♦❢ s✉r❢❛❝❡ ❢♦r❝❡s✱ ✐s str♦♥❣❧② ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ❝❤❛♥♥❡❧ ♠❛t❡r✐❛❧✳
✺✼
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
Inlet
Gas
Liquid
❋✐❣✉r❡ ✺✳✼✿ ■♥✢✉❡♥❝❡ ♦❢ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥ ❜✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ❛t ❤②❞r♦❣❡♥
✐♥❧❡t ❢♦r ❝♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷✳ ✶✻✺ 0✱ ✾✵ 0✱ ✶✺0 ❝♦♥t❛❝t ❛♥❣❧❡ ❢r♦♠
❧❡❢t t♦ r✐❣❤t
❇❡❝❛✉s❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ✶✺0✱ ✺0 ❛♥❞ ✵0 ❛r❡ ❡q✉❛❧✱ ❛ st❛t✐❝ ❝♦♥t❛❝t
❛♥❣❧❡ ♦❢ ✶✺0 ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❜✉❜❜❧❡ s❤❛♣❡ ❢♦r ❛❧❧ ❧♦✇❡r ❝♦♥t❛❝t ❛♥❣❧❡s✳
❋❧✉✐❞s ✇✐t❤ ❤✐❣❤ ❝♦♥t❛❝t ❛♥❣❧❡s ♦❢ Θ > ✾✵ 0✱ ✐✳❡✳ ♣♦♦r ✇❡tt❛❜✐❧✐t②✱ ❧❡❛❞ t♦ ❛
s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❜✉❜❜❧❡✴❣❛s t♦✉❝❤❡s t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✈❡r✐✜❡❞
❜② ❡①♣❡r✐♠❡♥ts ❢r♦♠ ❧✐t❡r❛t✉r❡ ❬✻✷❪✳ ❙♠❛❧❧ ❝♦♥t❛❝t ❛♥❣❧❡s ♦❢ ✵0 < ❙❈❆ < ✾✵0
❛❧❧♦✇ ✇❡tt✐♥❣ ♦❢ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧s ❛♥❞ r❡s✉❧t ✐♥ s❡♠✐❝✐r❝✉❧❛r ❜✉❜❜❧❡s ❛t t❤❡ ✐♥❧❡t✳
❚❤❡s❡ ✜♥❞✐♥❣s ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❜② ❚❛❦❛♠❛s❛ ❡t ❛❧✳ ❬✻✷❪✳
❚❤❡ str♦♥❣ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥t❛❝t ❛♥❣❧❡ ✐s ❞✉❡ t♦ ❝♦❞❡✱ ✐t ❝❛♥ ❡st❛❜❧✐s❤ ❛
❝♦♥st❛♥t ❝♦♥t❛❝t ❛♥❣❧❡ ❜❡t✇❡❡♥ ✇❛❧❧ ❛♥❞ ✢✉✐❞ ❜② ❊q✉❛t✐♦♥ ✹✳✷✺✳
❙✐♥❝❡ t❤❡ ❧✐q✉✐❞ ✢♦✇ ✈❡❧♦❝✐t② ✐s ❧♦✇ ✐♥ ❛❧❧ s✐♠✉❧❛t✐♦♥s t❤❡ ❢r✐❝t✐♦♥ ✐s ♥♦t ❤✐❣❤
❡♥♦✉❣❤ t♦ s❡♣❛r❛t❡ ❜✉❜❜❧❡s ❢r♦♠ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t❀ t❤❡ ❜✉❜❜❧❡s ❣r♦✇ ❡①tr❡♠❡❧②
❧❛r❣❡ ❛♥❞ ❛ s❧✉❣✲❛♥♥✉❧❛r ✢♦✇ ✐s t❤❡ ♣r♦♠✐♥❡♥t ✢♦✇ r❡❣✐♠❡✳
■♥ t❤❡ ❛❜♦✈❡ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❞✐❛♠❡t❡r
♦❢ t❤❡ ❤②❞r♦❣❡♥ ✐♥❧❡t ♦r t❤❡ ❤②❞r❛✉❧✐❝ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❝❤❛♥♥❡❧ ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧
s✐♥❣❧❡ ♣❤❛s❡ ♣r♦♣❡rt✐❡s✱ ❛r❡ ✶✵✳✻ ✭❘❡H2✮ ❛♥❞ ✶✳✵✷ ✭❘❡NB✮ ❛t t❤❡ ✐♥❧❡ts ♦❢ ❤②❞r♦✲
❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❧❛♠✐♥❛r ✢♦✇✱ t❤❡
✺✽
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❝❤❛♥♥❡❧ ❧❡♥❣t❤ ♥❡❡❞❡❞ ❢♦r ❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ✢♦✇✱ ✐✳❡✳ t❤❡ ♠✐♥✐♠✉♠ ❡♥tr❛♥❝❡ ❧❡♥❣t❤
▲e✱ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❢♦r♠✉❧❛
Le = 0.06ReDh ✭✺✳✶✮
✇❤❡r❡ ❉h ✐s t❤❡ ❤②❞r❛✉❧✐❝ ❞✐❛♠❡t❡r ❬✸✺❪✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤✐s ❧❡♥❣t❤ ✐s s❤♦rt❡r
t❤❛♥ t❤❡ ❡♥tr❛♥❝❡ ❧❡♥❣t❤ ✭❤♦❧❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❛s s✉♣♣❧② ❛♥❞ ❧✐q✉✐❞ ✐♥❧❡t ❧❡♥❣t❤✱ r❡✲
s♣❡❝t✐✈❡❧②✮ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s ❣✐✈❡s t❤❡ ❝♦♥✜❞❡♥❝❡ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞
❡✛❡❝ts ❛r❡ ✐♥❞✉❝❡❞ ❜② ❛ ♥♦♥✲❢✉❧❧② ❞❡✈❡❧♦♣❡❞ ✢♦✇ ❜❡❢♦r❡ t❤❡ ♠✐①✐♥❣ ③♦♥❡✳
❙❈❆ ✭0✮ ✶✻✺ ✾✵ ✶✺ ✶✷ ✺ ✵
Ug(m/s) ✵✳✶✾ ✵✳✵✷✼ ✵✳✵✷✼ ✵✳✵✸✵ ✵✳✵✷✻ ✵✳✵✷✾
❈❛ ♥✳❞✳ ♥✳❞✳ ✸✳✹ 10−4 ✸✳✼ ✶✵−4 ✸✳✼ ✶✵−4 ♥✳❞✳
❚❛❜❧❡ ✺✳✸✿ ❆①✐❛❧ ❣❛s ✈❡❧♦❝✐t② ❛♥❞ ❝❛♣✐❧❧❛r② ♥✉♠❜❡r ❛t ✈❛r✐♦✉s ❙❈❆s✱ ❞❡t❡r♠✐♥❡❞
❛t ✶✵ ♠s ❛♥❞ ✶✵✵ ♠s s✐♠✉❧❛t✐♦♥ t✐♠❡ r❡s♣❡❝t✐✈❡❧②✳
❚❛❜❧❡ ✺✳✸ s❤♦✇s t❤❡ ❛①✐❛❧ ❣❛s ✈❡❧♦❝✐t✐❡s ❛t ✶✵ ♠s ❛♥❞ ❞✐♠❡♥s✐♦♥❧❡ss ❝❛♣✐❧❧❛r②
♥✉♠❜❡rs ❛t ✶✵✵ ♠s ❛❢t❡r st❛rt ♦❢ ❤②❞r♦❣❡♥ ❞♦s✐♥❣ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♠❡❛♥ ❝❡❧❧
✈❛❧✉❡s ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ♠❡❛♥ ❛①✐❛❧ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✐s ❤✐❣❤❡r ❞✐r❡❝t❧②
❛❢t❡r t❤❡ ✐♥✐t✐❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦❣❡♥ ✢♦✇✱ ✐✳❡✳ ✐♥ t❤❡ tr❛♥s✐❡♥t s❡❝t✐♦♥ ✭✉♣ t♦ ✶✵
♠s✱ s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✺✳✾✮✱ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝❛♣✐❧❧❛r② ♥✉♠❜❡r ♦❢ t❤❡ ❜✉❜❜❧❡s ✇❛s
❝❛❧❝✉❧❛t❡❞ ❛t ❛ ❤✐❣❤❡r t✐♠❡ ❛❢t❡r st❛rt ♦❢ ❤②❞r♦❣❡♥ ❞♦s✐♥❣✳ ❚❤❡ ♠✐ss✐♥❣ ✈❛❧✉❡s
❤❛✈❡ ♥♦t ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❞✉❡ t♦ t❤❡ ❧♦♥❣ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡ ❢♦r ✶✵✵ ♠s ♦❢ ❞♦s✐♥❣
t✐♠❡ ❛♥❞ ❜❡❝❛✉s❡ t❤❡ ❝❛s❡s ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s✐♠✐❧❛r t♦ t❤❡ ♦t❤❡rs✱ ❡s♣❡❝✐❛❧❧②
❢♦r ❙❈❆ ✵0✳ ❚❤❡ ✈❡❧♦❝✐t✐❡s ♦❢ ❣❛s ❜✉❜❜❧❡s ✇✐t❤ ❛ ❝♦♥t❛❝t ❛♥❣❧❡ ♦❢ ≤ ✾✵ 0 ❛r❡ ✈❡r②
s✐♠✐❧❛r ✇❤❡r❡❛s t❤❡ ✈❡❧♦❝✐t② ❛t ✶✻✺ 0 ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s✳ ■t ✐s
♣♦ss✐❜❧❡ t♦ ❛ttr✐❜✉t❡ t❤✐s t♦ t❤❡ ❡✛❡❝t t❤❛t ❣❛s st❛rts ♠♦✈✐♥❣ ❛❧♦♥❣ t❤❡ ✇❛❧❧ ✉♥❞❡r
t❤❡ ❧✐q✉✐❞ s✉r❢❛❝❡ ♣r❡ss✉r❡✳
❇✉❜❜❧❡ ❢♦r♠❛t✐♦♥ ✐♥ ✢♦✇ ❞❡✈✐❝❡s ❛t ❝♦♥st❛♥t ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ✐s ✐♥✢✉❡♥❝❡❞
❜② t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡tr✐❝ ❣❛s ✢♦✇ r❛t❡ ✭Qg✮ ❛♥❞ t❤❡ ✈♦❧✉♠❡tr✐❝ ❧✐q✉✐❞
✢♦✇ r❛t❡ ✭◗l✮✱ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❝❤❛♥♥❡❧✱ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ❬✶✼✱ ✻✺✱ ✼✸❪✳
■♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡ r❛t✐♦ ◗g ✿ ◗l ❂ ✶✼✻ ✇❛s ❝❤♦s❡♥ ❢♦r st♦✐❝❤✐♦♠❡tr② r❡❛s♦♥s✳
▲❛r❣❡r r❛t✐♦s ♠✐❣❤t ❧❡❛❞ t♦ ❡✈❡♥ ❧♦♥❣❡r ❛♥❞ ❜✐❣❣❡r ❜✉❜❜❧❡s ❬✶✼❪✳ ❆s t❤❡ ❈❛♣✐❧❧❛r②
♥✉♠❜❡r ❞❡s❝r✐❜❡s t❤❡ ❞♦♠✐♥❛♥t ❢♦r❝❡s✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❜✉❜❜❧❡
✺✾
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❛♥❞ ✢♦✇ r❡❣✐♠❡ ✐♥ t❤❡ ❝❤❛♥♥❡❧s✱ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ s✐♠✉❧❛t✐♦♥
r❡s✉❧ts✳
❙✐♥❝❡ t❤❡ ❈❛♣✐❧❧❛r② ♥✉♠❜❡rs ❛r❡ ✈❡r② s♠❛❧❧ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ❞♦♠✐♥❛♥t✱
❛♥❞ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ❢♦r❝❡s ♦♥ t❤❡ ❜✉❜❜❧❡ ❛r❡ s♠❛❧❧✳ ❇✉♦②❛♥❝② ✐s t❤❡ ♣r✐♠❛r②
❛❝❝❡❧❡r❛t✐♦♥ ❢❛❝t♦r s✐♥❝❡ t❤❡ ❧✐q✉✐❞ ✢♦✇ r❛t❡ ✐s ✈❡r② ❧♦✇✳
■♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ s♠❛❧❧❡r ❜✉❜❜❧❡s✱ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈♦❧✉♠❡tr✐❝ ✢♦✇
r❛t❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ s❤♦✉❧❞ ❜❡ ❝❧♦s❡ t♦ ✉♥✐t② ❬✶✼❪✳ ❚❤❡ ♦♥❧② ♣❛r❛♠❡t❡r t❤❛t ❝❛♥
❜❡ ❝♦♥tr♦❧❧❡❞ ✐♥ t❤❡ ❈❛♣✐❧❧❛r② ♥✉♠❜❡r ✐s t❤❡ ♠❡❛♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t②✱ ✇❤✐❧❡ ✈✐s❝♦s✐t②
❛♥❞ s✉r❢❛❝❡ t❡♥s✐♦♥ ❛r❡ ♣❤②s✐❝❛❧ ❝♦♥st❛♥ts ❢♦r ❛ ❣✐✈❡♥ s②st❡♠✳ ❇✉❜❜❧❡ ✈❡❧♦❝✐t② ❝❛♥
❜❡ ✐♥❝r❡❛s❡❞ ❜② r❛✐s✐♥❣ ❡✐t❤❡r t❤❡ ❣❛s ♦r t❤❡ ❧✐q✉✐❞ ✐♥❧❡t ✈❡❧♦❝✐t②✳ ❚❤❡s❡ ♠❡❛s✉r❡s
✇✐❧❧ ❛❧s♦ r❡s✉❧t ✐♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✜❧♠ t❤✐❝❦♥❡ss✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡♥❤❛♥❝✐♥❣
t❤❡ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ♥♦t ♦♥❧② ②✐❡❧❞s t❤✐❝❦❡r ✜❧♠s✱ ❜✉t ❛❧s♦ ❝❛✉s❡s ❛ r❡❞✉❝t✐♦♥ ♦❢
t❤❡ ❜✉❜❜❧❡ s✐③❡✳ ❍♦✇❡✈❡r✱ t❤✐s r❡s✉❧ts ✐♥ ♥♦♥✲st♦✐❝❤✐♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡
r❡❛❝t✐♦♥ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳
❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❢♦r st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡s ❙❈❆ ≤✶✺0 ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✺✳✽ ❛t ✶✵✵ ♠s ❞♦s✐♥❣ t✐♠❡ ♦♥ t❤❡ ❨❩ ♣❧❛♥❡ ✭❛t t❤❡ ♠✐❞❞❧❡ ♦❢ ❝❤❛♥♥❡❧ ❞❡♣t❤ ✵✳✷
♠♠✮ ❛♥❞ ♦♥ t❤❡ ❨❳ ♣❧❛♥❡ ✭❛t t❤❡ ♠✐❞❞❧❡ ♦❢ ✇✐❞t❤ ✵✳✺ ♠♠✱ s❡❡ s❡❝t✐♦♥ ◆✉♠❡r✐❝❛❧
❆♣♣r♦❛❝❤ ♦♥ ♣❛❣❡ ✺✷✱ ✐✳❡✳ ❋✐❣✉r❡ ✺✳✹✮ t♦ ❡①♣❧❛✐♥ t❤❡ ✇❡tt✐♥❣ ✐ss✉❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳
❚❤❡ ❜✉❜❜❧❡ ✈✐❡✇s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✺✳✽ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❝✉r✈❛t✉r❡ t❡r♠
✭❊q✉❛t✐♦♥ ✹✳✷✸ ♣❛❣❡ ♦♥ ✸✷✮ ❛♥❞ t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡ ❡q✉❛t✐♦♥ ✭❊q✉❛t✐♦♥ ✹✳✷✷✮✳
❉✉❡ t♦ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♦t❤❡r ❢♦r❝❡s ✐♥ ❊q✉❛t✐♦♥ ✹✳✷✶✱ t❤❡ ❝✉r✈❛t✉r❡ t❡r♠ ❛♥❞
♠♦✈✐♥❣ ❝♦♥t❛❝t ❧✐♥❡ ♦♥ t❤❡ ✇❛❧❧ ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ❜② ❞②♥❛♠✐❝ ❢♦r❝❡s s✉❝❤ ❛s ♣r❡ss✉r❡
❞r✐✈❡♥ ✢♦✇ ❛♥❞ ❜✉♦②❛♥❝② ❢♦r❝❡s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❝♦❞❡ ❝❛❧❝✉❧❛t❡s ❛ ❞②♥❛♠✐❝
❜❡❤❛✈✐♦✉r ❞✉❡ t♦ t❤❡ ❢♦r❝❡ ❜❛❧❛♥❝❡ ♥❡❛r t❤❡ ✇❛❧❧s ❛♥❞ ♥♦t ❜② ❛ ❞②♥❛♠✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ s✉❝❤ ❛s ❛ ❞②♥❛♠✐❝ ❝♦♥t❛❝t ❛♥❣❧❡✳ ❙✐♥❝❡ t❤❡ ❛①✐❛❧ ♠❡❛♥ ✈❡❧♦❝✐t② ❛t ❙❈❆
✺0 ✐s s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ ❛t ♦t❤❡r ❙❈❆s✱ ✐t ✐s ❛❝❝❡❧❡r❛t❡❞ t♦ ❛ ❤✐❣❤❡r ❡①t❡♥t✳
❙♠❛❧❧❡r ❝♦♥t❛❝t ❛♥❣❧❡s ♣r♦✈✐❞❡ ❤✐❣❤❡r ✜❧♠ t❤✐❝❦♥❡ss ✭s❡❡ ❋✐❣✉r❡ ✺✳✽✮✳ ❖♥ t❤❡ ❨❩
♣❧❛♥❡ t♦ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧✿ ✵✳✵✷✹ ♠♠✱ ✵✳✵✷✺ ♠♠✱ ❛♥❞ ✵✳✵✷✻ ♠♠ ✜❧♠ t❤✐❝❦♥❡ss
❛r❡ ♦❜t❛✐♥❡❞ ❛t ❙❈❆s ♦❢ ✶✺0✱ ✶✷0✱ ❛♥❞ ✺0✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤✐s t❤✐♥ ✜❧♠ ♦♥ t❤❡ ❨❩ ♣❧❛♥❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♣♣❛r❡♥t ❛♥❣❧❡ ♦❢ ✵0❀ ♦♥ t❤❡
❨❳ ♣❧❛♥❡ t❤❡ ❣❛s t♦✉❝❤❡s t❤❡ ✇❛❧❧ ❛♥❞ ②✐❡❧❞s ❛♥ ❛♣♣❛r❡♥t ❝♦♥t❛❝t ❛♥❣❧❡ ❣r❡❛t❡r
t❤❛♥ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡✳ ❚❤❡ ❝♦rr❡❝t ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✜❧♠ t❤✐❝❦♥❡ss
✐s ❛ ❦❡② ✐ss✉❡ ❢♦r s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♦♥ t❤❡ ❝❤❛♥♥❡❧ ✇❛❧❧✳ ❙❧✐❣❤t❧② ❤✐❣❤❡r
✻✵
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❋✐❣✉r❡ ✺✳✽✿ ❇✉❜❜❧❡ s❤❛♣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❙❈❆ ♦♥ t❤❡ ❨❩ ✭❧❡❢t✮ ❛♥❞ ❨❳ ✭r✐❣❤t✮
♣❧❛♥❡s ❛t ✶✵✵ ♠s ❞♦s✐♥❣ t✐♠❡❀ ❞❡t❛✐❧ ♦❢ ❜✉❜❜❧❡ s❤❛♣❡ ♦♥ ❨❩ ♣❧❛♥❡ ❛t ✶✵✵ ♠s
❞♦s✐♥❣ t✐♠❡✳ ❈♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷
✈❛❧✉❡s ❢♦r ❙❈❆ ♠❛② ②✐❡❧❞ ❛❧s♦ ✐♥ ❛ ❣❛s✲s♦❧✐❞ ❝♦♥t❛❝t ❛t t❤❡ ❨❩ ♣❧❛♥❡✳
❋✐❣✉r❡ ✺✳✾ s❤♦✇s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❣r♦✇✐♥❣ ❜✉❜❜❧❡ ✐♥ t❤❡ ②✲❞✐r❡❝t✐♦♥ ❛t
❞✐✛❡r❡♥t ❝♦♥t❛❝t ❛♥❣❧❡s✳ ❆t st❛rt✐♥❣ ❝♦♥❞✐t✐♦♥s t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❜✉❜❜❧❡ ❝❡rt❛✐♥❧②
✐♥❝r❡❛s❡s ❜✉t t❤❡♥ ❞❡❝r❡❛s❡s ✇✐t❤ t✐♠❡ ✇✐t❤ t❤❡ tr❡♥❞ t♦ ❛ ❝♦♥st❛♥t ✈❛❧✉❡✳ ■♥ s♦♠❡
❝❛s❡s ✐t ✇❛s ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❜✉❜❜❧❡s r❡❛❝❤ ❛ t❡r♠✐♥❛❧ ❛①✐❛❧ ✈❡❧♦❝✐t② ❛t ❛❜♦✉t
✶✹✵ ♠s✳ ■♥ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡s ≤✶✺ 0✱ t❤❡ ❛①✐❛❧ ❜✉❜❜❧❡ ✈❡❧♦❝✐t✐❡s
❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✵✵ ♠s ❛r❡ ❛❧♠♦st t❤❡ s❛♠❡❀ ❤♦✇❡✈❡r✱ t❤❡ ❙❈❆s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❧♠ t❤✐❝❦♥❡ss ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✽✳
❚❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ♥♦ ❧✐q✉✐❞ ✜❧♠ ❛r♦✉♥❞ t❤❡ ❜✉❜❜❧❡ ❛t st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡s
s♠❛❧❧❡r t❤❛♥ ✶✺0 ✐s ❢✉rt❤❡r♠♦r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss
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❋✐❣✉r❡ ✺✳✾✿ ▼❡❛♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✐♥ ✢♦✇ ❞✐r❡❝t✐♦♥ ❛s ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r ❙❈❆s
≤ ✶✺0✳❈♦♥❞✐t✐♦♥s ❛❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡ ✺✳✷
♥✉♠❜❡rs ❈❛ ❛♥❞❲❡ ❜♦t❤ ❜❡✐♥❣ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ✉♥✐t②✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡r❡ ❛r❡
♥♦ ❞❛t❛ ❛✈❛✐❧❛❜❧❡ ✐♥ ❧✐t❡r❛t✉r❡ ❢♦r r❡❝t❛♥❣✉❧❛r ❝❤❛♥♥❡❧s✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧ t♦
❡❧✉❝✐❞❛t❡ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✜❧♠ ♥♦r♠❛❧ t♦ t❤❡ ❝❤❛♥♥❡❧
✇❛❧❧✳ ❙♦ ❢❛r✱ ✈✐❞❡♦ ✐♠❛❣✐♥❣ s②st❡♠s ❛r❡ ♥♦t ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✜❧♠ t❤✐❝❦♥❡ss
❬✼✹❪✳ ❚❤✐s ✐ss✉❡ ♠❛② ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ st✉❞② ♦❢ ❲♦♥❣ ❡t ❛❧✳ ❬✼✺❪✳ ❚❤❡②
❞❡t❡r♠✐♥❡❞ ❛ ♣r❡ss✉r❡✲✈❡❧♦❝✐t② r❡❧❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✢♦✇ ✐♥ ♣♦❧②❣♦♥❛❧ ❝❛♣✐❧❧❛r✐❡s ❢♦r
❧♦✇ ✈❛❧✉❡s ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ♥✉♠❜❡r ✭❈❛ → ✵✮✳ ■t ✐s r❡♣♦rt❡❞ t❤❡r❡ t❤❛t ❞r❛❣ ❢♦r❝❡
❞♦♠✐♥❛t❡s ♦✈❡r ❣❛s ♠♦t✐♦♥ ❛♥❞ ❧✐q✉✐❞ ✢♦✇s t❤r♦✉❣❤ t❤❡ ❝♦r♥❡rs ♦❢ t❤❡ ❝❤❛♥♥❡❧✳
❲♦♥❣ ❡t ❛❧✳ ❝❛❧❧s t❤✐s ❜❡❤❛✈✐♦✉r ❛ ✧❧❡❛❦② ♣✐st♦♥✧✳ ▲✐q✉✐❞ ✢♦✇ ❝❛♥♥♦t ♣✉s❤ t❤❡
❜✉❜❜❧❡✱ ❛♥❞ ✐♥st❡❛❞✱ ❧✐q✉✐❞ ✢♦✇s ❛r♦✉♥❞ t❤❡ ❜✉❜❜❧❡ ❢r♦♠ t❤❡ ❝♦r♥❡rs✳ ❍♦✇❡✈❡r✱
s✉❝❤ ❛ ❜❡❤❛✈✐♦✉r ✇♦✉❧❞ ❜❡ ✉♥❞❡s✐r❡❞ ❢♦r t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ s✐♥❝❡ ❛ t❤✐♥ ❧✐q✉✐❞
✜❧♠ ❜❡t✇❡❡♥ t❤❡ ❣❛s ♣❤❛s❡ ❛♥❞ ✇❛❧❧ ♣r♦✈✐❞❡s ❤✐❣❤❡r r❛t❡s ♦❢ ♠❛ss ❛♥❞ ❤❡❛t
tr❛♥s❢❡r✳ ❆♥♦t❤❡r ✐ss✉❡ t♦ ❜❡ s♦❧✈❡❞ ✐♥ t❤✐s ❝✐r❝✉♠st❛♥❝❡ ✐s t❤❡ r❡❧❛t✐✈❡❧② ✧❝♦❛rs❡
♠❡s❤✧ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ❆♣♣r♦①✐♠❛t❡❧② ♦♥❡ ♠♦♥t❤ ✐s ♥❡❡❞❡❞ t♦ s♦❧✈❡ ♦♥❡ s✐♠✉❧❛t✐♦♥
❢♦r ✶✵✵ ♠s ✇✐t❤ ✼ ♣❛r❛❧❧❡❧ ♦♣t✐♦♥s ✐♥ ✽ ❈P❯s ✇✐t❤ ❞✉❛❧ ♣r♦❝❡ss♦rs ❛♥❞ ✶✻ ●❇
❘❆▼✳ ■❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❤❛❧❢ ♠❡s❤ ✐♥t❡r✈❛❧ ✭✶✵ ♠✐❝r♦♥✮ s✐③❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r
❤✐❣❤❡r r❡s♦❧✉t✐♦♥✱ ❛❜♦✉t ✽ ♠♦♥t❤s ♦❢ ❈P❯ t✐♠❡ ✇♦✉❧❞ ❜❡ r❡q✉✐r❡❞ ❢♦r ❡❛❝❤ ❝❛s❡
✻✷
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❛t t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s✳
Displacement of liquid
❋✐❣✉r❡ ✺✳✶✵✿ ▼❡❛♥ ✈❡❧♦❝✐t✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r ❈❛s❡ ✶
Displacement of liquid
❋✐❣✉r❡ ✺✳✶✶✿ ❱❡❧♦❝✐t✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r ❈❛s❡ ✷
✻✸
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
❍②❞r♦❣❡♥ ✭♠❧✴♠✐♥✮ ◆✐tr♦❜❡♥③❡♥❡ ✭❣✴❤✮
❈❛s❡ ✶ ✷✳✺ ✸✵
❈❛s❡ ✷ ✺ ✷✳✺
❚❛❜❧❡ ✺✳✹✿ ❋❧♦✇ r❛t❡s ♦❢ ❤②❞r♦❣❡♥ ❛♥❞ ♥✐tr♦❜❡♥③❡♥❡ ❛♣♣❧✐❡❞ ❢♦r s✐♠✉❧❛t✐♦♥s ♦❢
t❤❡ ✢♦✇ ✜❡❧❞
✺✳✷✳✸ ◆✉♠❡r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✢♦✇ r❡❣✐♠❡
■♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ ♥✉♠❡r✐❝❛❧❧② ♠✉❧t✐♣❤❛s❡ ✢♦✇s✱ t✇♦ ❡①tr❡♠❡ ❝❛s❡s ❤❛✈❡ ❜❡❡♥
s❡❧❡❝t❡❞✱ ♥❛♠❡❧② ❘❡H❂ ✷✳✹✶✱ ❘❡NB❂✷✷✳✹ ❢♦r ❈❛s❡ ✶ ❛♥❞ ❘❡H❂✹✳✽✷✱ ❘❡NB❂✶✳✾✹
❢♦r ❈❛s❡ ✷ ✭s❡❡ ❚❛❜❧❡ ✺✳✹ ❢♦r ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢♦✇ r❛t❡s✮✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s s✐♠✐❧❛r ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✳✹✳ ❚❤❡ ♦♥❧② ❝❤❛♥❣❡s
❛r❡ t❤❛t t❤❡ ❞✐❛♠❡t❡r ♦❢ ❤②❞r♦❣❡♥ ✐♥❧❡t ✐s ✶✵✵ µ♠ ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❤❛♥♥❡❧ ✐s
✻ ♠♠✳ P❤②s✐❝❛❧ ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❛t ✶ ❜❛r ❛♥❞ ✶✶✵0 ❈✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥s
❢♦r t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳
2x10-2s    4x10-2s  6x10-2s   8x10-2s  10x10-2s
❋✐❣✉r❡ ✺✳✶✷✿ ❙♥❛♣s❤♦t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ✵✳✵✷ t♦ ✵✳✶ s ❢♦r ❈❛s❡ ✶
◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❇♦t❤ ❡①tr❡♠❡
❝❛s❡s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s✳ ❙❧✉❣✲❛♥♥✉❧❛r ✢♦✇ ❤❛s ❜❡❡♥
♦❜t❛✐♥❡❞ ✐♥ ❈❛s❡ ✶ ✇❤✐❧❡ ❛♥♥✉❧❛r ✢♦✇ ✐s t❤❡ ✢♦✇ ♣❛tt❡r♥ ✐♥ ❈❛s❡ ✷ ✭❋✐❣✉r❡ ✺✳✶✷ ❛♥❞
❋✐❣✉r❡ ✺✳✶✸✱r❡s♣❡❝t✐✈❡❧②✮✳ ❙✐♥❝❡ t❤❡ ✢♦✇ ♣❛tt❡r♥s ❛r❡ ♥❡❛r ❛ tr❛♥s✐t✐♦♥❛❧ r❡❣✐♦♥✱
✻✹
✺✳ ❚❲❖ P❍❆❙❊ ❋▲❖❲ ❘❊❙❯▲❚❙
2x10-2s    4x10-2s  6x10-2s   8x10-2s  10x10-2s
❋✐❣✉r❡ ✺✳✶✸✿ ❙♥❛♣s❤♦t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢r♦♠ ✵✳✵✷ t♦ ✵✳✶ s ❢♦r ❈❛s❡ ✷
❣❛s ❛♥❞ ❧✐q✉✐❞ ♠❡❛♥ ✈❡❧♦❝✐t✐❡s ✈❛r② s❧✐❣❤t❧② ♦✈❡r t✐♠❡✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥ ♦❢ t❤❡
✜❣✉r❡s ❧✐q✉✐❞ ❞✐s♣❧❛❝❡♠❡♥t ♦❝❝✉rs✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ❡✐t❤❡r ❛♥♥✉❧❛r ✢♦✇ ♦r s❧✉❣✲
❛♥♥✉❧❛r ✢♦✇ ✐s ✐♥❞✐❝❛t❡❞✳ ❙♦♠❡ ❞r♦♣s ✐♥ ❣❛s ✈❡❧♦❝✐t② ✐♥ ❋✐❣✉r❡ ✺✳✶✵ ❝♦rr❡s♣♦♥❞
t♦ ❜✉❜❜❧❡s ❜r❡❛❦✲✉♣✳ ❙❧✐❣❤t ♣✉❧s❛t✐♦♥ ❛♥❞ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❣❛s ❜✉❜❜❧❡ t♦ ❛
♣♦s✐t✐♦♥ ❜❡❧♦✇ t❤❡ ❣❛s ✐♥❧❡t ❤♦❧❡ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜②
❛ ♥❡❣❛t✐✈❡ ❧✐q✉✐❞ ♠❡❛♥ ✈❡❧♦❝✐t② ✈❛❧✉❡ ✐♥ ❋✐❣✉r❡ ✺✳✶✶✳
✻✺
❈❤❛♣t❡r ✻
❉✐r❡❝t ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥ ♦❢
■♥t❡r❢❛❝✐❛❧ ▼❛ss ❚r❛♥s❢❡r
✻✳✶ ❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s✲
❢❡r
❚❤❡ r✐s❡ ♦❢ ❛♥ ❛✐r ❜✉❜❜❧❡ ✐♥ ❛ ✇❛t❡r✲❣❧②❝❡r♦❧ s②st❡♠ ✐s s✐♠✉❧❛t❡❞ ✐♥ ♦r❞❡r t♦
✐♥✈❡st✐❣❛t❡ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r✳ ❚❤❡ ♦①②❣❡♥ tr❛♥s❢❡r ✐♥
❛✐r ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r✳ ❚❤❡ r❡s✉❧ts ❢♦r ♠❛ss tr❛♥s❢❡r ❛r❡
❝♦♠♣❛r❡❞ ❛❣❛✐♥st t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ♣✉❜❧✐s❤❡❞ ❜② ❇♦t❤❡ ❡t ❛❧✳ ✭✷✵✵✸✮ ❬✹✻❪
❛♥❞ ❛ ❙❤❡r✇♦♦❞ ❝♦rr❡❧❛t✐♦♥ ❜② ❈❤❛♦ ❬✷✽✱ ✼✻❪ ❛♥❞ ❈❛❧❞❡r❜❛♥❦ ❛♥❞ ▼♦♦✲❨♦✉♥❣ ❬✷✾❪✳
❚❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❇♦t❤❡ ❡t ❛❧✳ ✭✷✵✵✸✮ ✐s ❛♣♣❧✐❡❞ ❤❡r❡ ❢♦r ❛ ✶✻ ① ✸✷ ① ✶✻ ♠♠ ✸❉
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✱ ❞✐s❝r❡t✐③❡❞ ✇✐t❤ ✺✵ ① ✶✵✵ ① ✺✵ ✉♥✐❢♦r♠ ❝✉❜✐❝ ♠❡s❤ ❝❡❧❧s✳
■♥ ✸✲❉ s✐♠✉❧❛t✐♦♥s ✐t ✇❛s ❛❞❤❡r❡❞ t♦ ✉s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ ❇♦t❤❡✬s
❜❡♥❝❤♠❛r❦ ❢♦r ♦♥❡✲t♦✲♦♥❡ ❝♦♠♣❛r✐s♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐♥ ✷✲
❉ ✐s ♠♦❞✐✜❡❞ t♦ ❛✈♦✐❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✇❛❧❧ ♦♥ ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t②✳ ❚❤❡r❡❢♦r❡
❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ✐♥ ✷✲❉ s✐♠✉❧❛t✐♦♥s ✐s ✐♥❝r❡❛s❡❞ t♦ ✸✷ ♠♠✳ ■♥✢✉❡♥❝❡ ♦❢ ✇❛❧❧
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭❜✳❝✳✮ ♦♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ r❡s✉❧ts s❡❝t✐♦♥✳
❆ ❧♦❝❛❧❧② ✉♥✐❢♦r♠ sq✉❛r❡ ♠❡s❤ r❡✜♥❡♠❡♥t ✐s ♣r♦✈✐❞❡❞ ✐♥ ✷✲❉ s✐♠✉❧❛t✐♦♥s ✐♥ t❤❡
❝❡♥t❡r ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣r✐❞ r❡s♦❧✉t✐♦♥ ♦♥ ♠❛ss tr❛♥s❢❡r✳
❆❢t❡r t❤❡ r❡✜♥❡♠❡♥t ♣r♦❝❡ss t❤❡ ♠❡s❤ s✐③❡ ✐s ✶✳✻ 10−4 ♠♠ ✐♥ t❤❡ ✜rst ♠❡s❤
r❡✜♥❡♠❡♥t ❛♥❞ ✵✳✽ 10−4 ♠♠ ✐♥ t❤❡ s❡❝♦♥❞ ♠❡s❤ r❡✜♥❡♠❡♥t ❛♥❞ ✵✳✹ 10−4 ♠♠ ✐♥
✻✻
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
t❤❡ t❤✐r❞ ♠❡s❤ r❡✜♥❡♠❡♥t ❢♦r ❛ s✐③❡ ♦❢ ✶✻ ① ✸✷ ♠♠ ✭❋✐❣✉r❡ ✻✳✶ ❛♥❞ ❋✐❣✉r❡ ✻✳✷✮✳
■♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥t ❜❡t✇❡❡♥ ✉♥❝❤❛♥❣❡❞ ♠❡s❤
❝❡❧❧s ❛♥❞ ♠❡s❤ r❡✜♥❡♠❡♥t ❝❡❧❧s t❤❡ ♠❡s❤ s✐③❡ ✐s st❡♣ ❜② st❡♣ r❡❞✉❝❡❞✳
a a/2 a/4 a/8
a
a
a
1. mesh refinement
2. mesh refinement
3. mesh refinement
❋✐❣✉r❡ ✻✳✶✿ ❆ t②♣✐❝❛❧ ✉♥✐❢♦r♠ ❝✉❜✐❝ ♠❡s❤ ❝❡❧❧ ✸✲❉✭❧❡❢t✮✱ ✉♥✐❢♦r♠ q✉❛❞r❛t✐❝ ♠❡s❤
❝❡❧❧s ❢♦r ✷✲❉ ❛♥❞ ♠❡s❤ r❡✜♥❡♠❡♥t str❛t❡❣② ✭r✐❣❤t✮ ❢♦r ♠❛ss tr❛♥s❢❡r s✐♠✉❧❛t✐♦♥s
❚❤❡ ❜✉❜❜❧❡ ✐s ❛t ✢✉✐❞ r❡st ❛t ①✱②✱③❂ ✭✽✱ ✽✱ ✽✮ ♠♠ ♣♦s✐t✐♦♥ ✐♥ ✸✲❉ ❛♥❞ ❤✱r❂ ✭✽✱
✵✮ ♠♠ ♣♦s✐t✐♦♥ ✐♥ ✷✲❉ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ✭❋✐❣✉r❡ ✻✳✷✮✳ ❚❤❡ ❢♦✉r s✐❞❡s ❛♥❞
t❤❡ ❜♦tt♦♠ ✇❛❧❧ ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤✐❧❡ ❛ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ♦❢ ♣r❡ss✉r❡ ♦✉t❧❡t ✐s ✐♠♣❧❡♠❡♥t❡❞ ♦♥ t❤❡ t♦♣ s✐❞❡✳
■♥ t❤❡ ♣r❡s❡♥t r❡s❡❛r❝❤ ❡①t❡r♥❛❧ ♠❛ss tr❛♥s❢❡r ❢r♦♠ ❛✐r ✐♥t♦ ❛ ♠✐s❝✐❜❧❡ ✇❛t❡r✲
❣❧②❝❡r♦❧ ♠✐①t✉r❡ ❛t ✶ ❜❛r ❛♥❞ r♦♦♠ t❡♠♣❡r❛t✉r❡ ✐s ✐♥✈❡st✐❣❛t❡❞✳ P❤②s✐❝❛❧ ♣r♦♣✲
❡rt✐❡s ❛t ✶ ❜❛r ❛♥❞ r♦♦♠ t❡♠♣❡r❛t✉r❡ ✉♥❞❡r s✐♠✉❧❛t✐♦♥ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✻✳✶✳
✻✼
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
❲❛t❡r✲❣❧②❝❡r♦❧ ♠✐①t✉r❡ ✈✐s❝♦s✐t② ✼✳✺①✶✵−2 P❛✳s
❲❛t❡r✲❣❧②❝❡r♦❧ ♠✐①t✉r❡ ❞❡♥s✐t② ✶✷✵✺ ❦❣✴♠3
❆✐r ✈✐s❝♦s✐t② ✶✽✳✷✹①✶✵−06 P❛✳s
❆✐r ❞❡♥s✐t② ✶✳✶✷✷ ❦❣✴♠3
❖①②❣❡♥ ❞✐✛✉s✐✈✐t② ✐♥ ✇❛t❡r✲❣❧②❝❡r♦❧ ♠✐①t✉r❡ ✻✷✳✷✹ ① ✶✵−8 ♠2✴s
❙✉r❢❛❝❡ t❡♥s✐♦♥ ❝♦❡✣❝✐❡♥t ✵✳✵✻✸ ◆✴♠
❙❛t✉r❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ✵✳✵✵✽ ❦❣✴♠3
❚❛❜❧❡ ✻✳✶✿ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢✉✐❞s ❛t ✶ ❜❛r ❛♥❞ r♦♦♠ t❡♠♣❡r❛t✉r❡
❛♣♣❧✐❡❞ ✐♥ t❤❡ ♠❛ss tr❛♥s❢❡r s✐♠✉❧❛t✐♦♥s
y
x
h
r
16 mm
g
32 mm
16 mm
16 mm
Axisymmetric b.c
8 mm
Mesh 
Refinement Zone
z
Unchanged
Mesh Zone
❋✐❣✉r❡ ✻✳✷✿ ❈r♦ss s❡❝t✐♦♥ ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❛t ③❂✽ ♠♠ ✐♥ ✸✲❉✭❧❡❢t✮✱
❈♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ♦❢ ✷✲❉ ✭r✐❣❤t✮
■♥✐t✐❛❧ ❜✉❜❜❧❡ ❞✐❛♠❡t❡r s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ✹ ♠♠ ❛❝❝♦r❞✐♥❣ t♦ ❇♦t❤❡✬s ❜❡♥❝❤✲
♠❛r❦ s❡t✉♣✳ ■♥ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ ✐♥✐t✐❛❧✐③❡ t❤❡ ❜✉❜❜❧❡ ❞✐❛♠✲
❡t❡r ❛s ✸✳✽✹ ♠♠ ✉s✐♥❣ t❤❡ ♠❡s❤ s✐③❡ ✸✳✷ 10−4 ♠♠✳ ■♥ ❛❧❧ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡
♣r❡ss✉r❡✲✈❡❧♦❝✐t② ❝♦✉♣❧✐♥❣ s❝❤❡♠❡ t❤❡ Pr❡ss✉r❡✲■♠♣❧✐❝✐t ✇✐t❤ ❙♣❧✐tt✐♥❣ ♦❢ ❖♣✲
❡r❛t♦rs ✭P■❙❖✮✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❤✐❣❤❡r ❞❡❣r❡❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ r❡❧❛✲
✻✽
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡❝t✐♦♥s ❢♦r ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t②✱ ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❋✐rst
♦r❞❡r s❝❤❡♠❡ ❢♦r s♣❡❝✐❡s ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s ✐s ✉s❡❞ ✐♥ ✸✲❉ s✐♠✉❧❛t✐♦♥s✳
❆❢t❡r ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r r❡s✉❧ts ❞❡❧✐✈❡r❡❞ ❢r♦♠ ✜rst ♦r❞❡r ❛♥❞
◗✉❛❞r❛t✐❝ ❯♣str❡❛♠ ■♥t❡r♣♦❧❛t✐♦♥ ❢♦r ❈♦♥✈❡❝t✐✈❡ ❑✐♥❡♠❛t✐❝s ✭◗❯■❈❑✮ s❝❤❡♠❡
✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ s♣❡❝✐❡s ❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✱ ◗❯■❈❑ s❝❤❡♠❡ ✐s ✉s❡❞ ✐♥
✷✲❉ s✐♠✉❧❛t✐♦♥s ✇❤✐❧❡ t❤❡ r❡s✉❧ts ❢♦r ♠❛ss tr❛♥s❢❡r ✇✐t❤ ✜rst ♦r❞❡r s❝❤❡♠❡ ✐s ♦✈❡r✲
♣r❡❞✐❝t✐♥❣✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ r❡s✉❧ts s❡❝t✐♦♥✳ ❚❤❡ ❝♦♥✈❡♥✐❡♥t t✐♠❡ st❡♣
s✐③❡ ❢♦r ✸✲❉ s✐♠✉❧❛t✐♦♥s ✐s 10−4 s ✇❤✐❧❡ ❢♦r ✷✲❉ s✐♠✉❧❛t✐♦♥s ✐t ✐s 10−6 s✳ ❚❤❡ ❝♦♥✲
✈❡r❣❡♥❝❡ ❝r✐t❡r✐❛ ❢♦r s❝❛❧❡❞ r❡s✐❞✉❛❧s ❛r❡ s❡t t♦ 10−3 ❢♦r ❝♦♥t✐♥✉✐t②✱ ♠♦♠❡♥t✉♠✱
❛♥❞ s♣❡❝✐❡s ❡q✉❛t✐♦♥s✳ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❝❛❧❝✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦
Rebub =
ρldbubUbub
µl
✭✻✳✶✮
✇❤❡r❡ ❞bub ✐s ❞✐❛♠❡t❡r ♦❢ t❤❡ ❜✉❜❜❧❡ ❛♥❞ ❯bub ✐s ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ❝❛❧❝✉❧❛t❡❞ ❜②
Ubub =
∑Nx
x=1
∑Ny
y=1
∑Nx
z=1 f
g
x,y,zvy:x,y,z∑Nx
x=1
∑Ny
y=1
∑Nx
z=1 f
g
x,y,z
✭✻✳✷✮
❍❡r❡✱ ✈ ✐s t❤❡ ②✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✐♥ ❛❧❧ ❣❛s ❝❡❧❧s✳ ❚❤❡ s✉❜s❝r✐♣ts ①✱
② ❛♥❞ ③ ❞❡♥♦t❡ t❤❡ ♠❡s❤ ❝❡❧❧ ✐♥❞❡① ✐♥ ①✲✱②✲✱ ❛♥❞ ③✲❞✐r❡❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
◆x ✱ ◆y ❛♥❞ ◆z ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♠❡s❤ ❝❡❧❧s ✐♥ t❤❡s❡ ❞✐r❡❝t✐♦♥s ✇✐t❤✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳
❚❤❡ ❙❝❤♠✐❞t ♥✉♠❜❡r ♣❤②s✐❝❛❧❧② r❡❧❛t❡s t❤❡ r❡❧❛t✐✈❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❤②❞r♦❞②✲
♥❛♠✐❝ ❧❛②❡r ❛♥❞ ♠❛ss✲tr❛♥s❢❡r ❜♦✉♥❞❛r② ❧❛②❡r✳
Sc =
µl
ρlD
✭✻✳✸✮
❚❤❡ ❙❝❤♠✐❞t ♥✉♠❜❡r ❢♦r t❤✐s ❝❛s❡ ✐s ✶✵✵✱ ❜✉t ❙❝❤♠✐❞t ♥✉♠❜❡rs ♦❢ ✶✵ ❛♥❞ ✶ ❛r❡
❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ ❛rt✐✜❝✐❛❧ ✐♥❝r❡❛s✐♥❣ ♦❢ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ r❡s✉❧ts ♦❢
♠❛ss tr❛♥s❢❡r ❢♦r t❤❡ ❙❝❤♠✐❞t ♥✉♠❜❡rs ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✶ t♦ ✶✵✵ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞
✐♥ t❤❡ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥ s❡❝t✐♦♥✳
❯s✐♥❣ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r ✐♥ ❈❤❛♣t❡r ✹ t❤❡
✻✾
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
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❱❖❋♠❡t❤♦❞ ✇✐t❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡✳
❚❤❡ ✢♦✇ ✐s tr❡❛t❡❞ ❛s ✐♥❝♦♠♣r❡ss✐❜❧❡ s✐♥❝❡ t❤❡ ♣r❡ss✉r❡ ❞r♦♣ ❛❧♦♥❣ t❤❡ r❡❛❝t♦r
✐s s♠❛❧❧ ✭❝❛✳ ✹ P❛✮ ❡①❝❡♣t ❢♦r ♦♥❡ ❝❛s❡ ✐♥ ♦r❞❡r t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢
❝♦♠♣r❡ss✐❜❧❡ ❣❛s ♦♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡✳ ❚❤✐s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ r❡s✉❧t s❡❝t✐♦♥✳
❚❤❡ P▲■❈ s❝❤❡♠❡ ❞❡✜♥❡s t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ✢✉✐❞s ✉s✐♥❣ ❛ ♣✐❡❝❡✇✐s❡✲❧✐♥❡❛r
❛♣♣r♦❛❝❤ ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ■♥ ❆♥s②s ❋❧✉❡♥t t❤✐s s❝❤❡♠❡ ✐s t❤❡ ♠♦st ❛❝❝✉r❛t❡ ♦♥❡
t♦ s♦❧✈❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥✳ ■t ❛ss✉♠❡s t❤❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ✢✉✐❞s
❤❛s ❛ ❧✐♥❡❛r s❧♦♣❡ ✐♥ ❝❡❧❧s✱ ❛♥❞ ✉s❡s t❤✐s ❧✐♥❡❛r s❤❛♣❡ ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❛❞✈❡❝t✐♦♥
♦❢ ✢✉✐❞ t❤r♦✉❣❤ t❤❡ ❝❡❧❧ ❢❛❝❡s ❬✼✵✱ ✼✷❪✳ ❚❤✐s s❝❤❡♠❡ ❤❛s t❤r❡❡ st❡♣s t♦ s♦❧✈❡ ✈♦✐❞
❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ ❞✐s♣❡rs❡❞ ♣❤❛s❡ ❬✼✵✱ ✼✷❪✳ ❚❤❡ ✜rst st❡♣ ✐s ❝❛❧❝✉❧❛t✐♥❣ t❤❡
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ ❜❛s❡❞ ♦♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥
❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❝❡❧❧✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❛❞✈❡❝t✐♦♥ ❛♠♦✉♥t
♦❢ ✢✉✐❞ t❤r♦✉❣❤ ❡❛❝❤ ❢❛❝❡ ✉s✐♥❣ t❤❡ ❝♦♠♣✉t❡❞ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ✈❡❧♦❝✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ❢❛❝❡✳
❚❤❡ t❤✐r❞ st❡♣ ✐s ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✐♥ ❡❛❝❤ ❝❡❧❧ ✉s✐♥❣ t❤❡ ❜❛❧❛♥❝❡ ♦❢
✢✉①❡s ❝❛❧❝✉❧❛t❡❞ ❞✉r✐♥❣ t❤❡ ♣r❡✈✐♦✉s st❡♣✳
✻✳✶✳✶ ▼✐♥✐♠✉♠ ❧❡♥❣t❤ s❝❛❧❡s
❋♦r t❤❡ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❧❡♥❣t❤ s❝❛❧❡
✐s ❡ss❡♥t✐❛❧✳ ❚❤❡ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ s❤♦✉❧❞ ❜❡ ♣r♦✈✐❞❡❞ ❢♦r ✈❡❧♦❝✐t② ❣r❛✲
❞✐❡♥ts✳ ❚❤✉s✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ ❛✈♦✐❞s ✈✐s❝♦s✐t②
❞♦♠✐♥❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡s t❤❡ s♠❛❧❧❡st s❝❛❧❡s ♦❢ t✉r❜✉❧❡♥❝❡✳ ■♥ ❛❞❞✐t✐♦♥ ❢♦r t❤❡
❝♦♥❝❡♥tr❛t✐♦♥ ✜❡❧❞ t❤❡ ❇❛t❝❤❡❧♦r s❝❛❧❡ ❞❡s❝r✐❜❡s t❤❡ s♠❛❧❧❡st ❧❡♥❣t❤ s❝❛❧❡s ♦❢ ❧❛r❣❡
✢✉❝t✉❛t✐♦♥s ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❜❡❢♦r❡ ♠♦❧❡❝✉❧❛r ❞✐✛✉s✐♦♥ ❞♦♠✐♥❛t❡s✳ ❚❤❡ ❇❛t❝❤❡✲
❧♦r ❧❡♥❣t❤ s❝❛❧❡ ♣r♦✈✐❞❡s ❛ ❝♦✐♥❝✐❞❡♥❝❡ ❢♦r ❞✐✛✉s✐✈❡ tr❛♥s♣♦rt ♦❢ s♣❡❝✐❡s ❡q✉❛t✐♦♥
❛♥❞ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ❬✹✻✱ ✼✼❪✳ ❚❤❡r❡❢♦r❡ ❢♦r ♣r❡❝✐s❡ ❞✐r❡❝t ♥✉♠❡r✐❝ s✐♠✉❧❛✲
t✐♦♥s t❤❡ ❧❡♥❣t❤ s❝❛❧❡ ♦❢ t❤❡ ✉♥✐t ❝❡❧❧ ❛♥❞ t❤✉s ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧ s❤♦✉❧❞ ❜❡ ✐♥
t❤❡ r❛♥❣❡ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ ❛♥❞✴♦r t❤❡ ❇❛t❝❤❡❧♦r ❧❡♥❣t❤ s❝❛❧❡s s❤♦✉❧❞ ❜❡
❝♦♥s✐❞❡r❡❞ ❢♦r ✈❡❧♦❝✐t② ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts✳
❚❤❡ ❝♦rr❡❧❛t✐♦♥ ♦❢ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ ✐s✿
✼✵
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
LKol =
(
ν3
ǫ
)0.25
✭✻✳✹✮
✇❤❡r❡ ν ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✳ ❚❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ǫ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
❢r♦♠
ǫ = Ubub.g ✭✻✳✺✮
❚❤❡ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ ✐s ✻✳✼ ✶✵ −4 ♠ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ ❞❡t❡r♠✐♥❡❞ Ubub
♦❢ ✵✳✶✷ ♠✴s ✭s❡❡ ❋✐❣✉r❡ ✻✳✶✷✮ ❛♥❞ t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✻✳✶✳
❚❤❡ ❇❛t❝❤❡❧♦r ❧❡♥❣t❤ ✐s t❤❡ r❛t✐♦ ♦❢ ❑♦❧♠♦❣♦r♦✈ ❧❡♥❣t❤ s❝❛❧❡ t♦ r♦♦t ♦❢ ❙❝❤♠✐❞t
♥✉♠❜❡r✳
LBat =
LKol√
Sc
✭✻✳✻✮
❚❤❡ ❇❛t❝❤❡❧♦r ❧❡♥❣t❤ ✭✵✳✻✼ ✶✵−4 ♠✮ ✐s ✶✵ t✐♠❡s s♠❛❧❧❡r t❤❛♥ t❤❡ ❑♦❧♠♦❣♦r♦✈
❧❡♥❣t❤ s❝❛❧❡ ❢♦r t❤✐s ❝❛s❡✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ ♠❛ss tr❛♥s❢❡r s✐♠✉✲
❧❛t✐♦♥s ❙❝❤♠✐❞t ♥✉♠❜❡r ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❡s❤ s✐③❡ ✐♥ t❤❡
❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✇❤❡♥ ❙❝❤♠✐❞t ♥✉♠❜❡r ✐s ❣r❡❛t❡r t❤❛♥ ✉♥✐t②✳
✻✳✷ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥
✻✳✷✳✶ ■♥✢✉❡♥❝❡ ♦❢ ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ♦♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡
✐♥ ✸✲❉
❚❤❡ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡s ♣❤②s✐❝❛❧❧② ❞✉❡ t♦ ♠❛ss tr❛♥s❢❡r ❛♥❞ ❛❧s♦ ❞✉❡ t♦ ❛
♣r❡ss✉r❡ ❞r♦♣ ✐♥ t❤❡ ♠✐♥✐❝❤❛♥♥❡❧✳ ■♥ ♦r❞❡r t♦ ✜♥❞ ♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡
♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ♦♥ ❜✉❜❜❧❡ ✈♦❧✉♠❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ♠✐♥✐❝❤❛♥♥❡❧✱ ❣❛s ✐s tr❡❛t❡❞ ❛s
❛ ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ✐♥ ❛ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ st❛t✐❝ ♣r❡ss✉r❡ ❜❡t✇❡❡♥ ♦✉t❧❡t ❛♥❞ ✐♥❧❡t
✼✶
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿
Pcal = ρlgh = 9.81x1205x3.2x10
−4 = −3.8Pa ✭✻✳✼✮
✇❤❡r❡ ❤ ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❤❛♥♥❡❧✳ ❚❤❡ s✐♠✉❧❛t❡❞ ♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
♦✉t❧❡t ♦❢ t❤❡ ❝❤❛♥♥❡❧ ❛♥❞ ❜♦tt♦♠ ♦❢ t❤❡ ✇❛❧❧ ✐s ♦♥❧② ❝❛✳ ✲✹ P❛✳ ❋✐❣✉r❡ ✻✳✸ s❤♦✇s
❝❤❛♥❣❡ ♦❢ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❜✉❜❜❧❡ ♦✈❡r t✐♠❡ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢
❝♦♠♣r❡ss✐❜❧❡✳ ❚❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ✐s ❝❛❧❝✉❧❛t❡❞ ❛s✿
dnorm =
dbub
dbub0
dbub =
√
6V
π
3
✭✻✳✽✮
❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢
❜✉❜❜❧❡ ❝❤❛♥❣❡ ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ❛ss✉♠♣t✐♦♥ ✐♥ ❋✐❣✉r❡ ✻✳✸✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ t❤❡r❡ ✐s ❛♥ ❛rt✐✜❝✐❛❧ tr❛♥s✐❡♥t ③♦♥❡ ❞✉❡ t♦ ✐♥✐t✐❛t✐♦♥ ♦❢ t❤❡
❝❛❧❝✉❧❛t✐♦♥✳ ❆❢t❡r ❛ ✇❤✐❧❡ t❤❡ ❜✉❜❜❧❡ ❞✐❛♠❡t❡r st❛❜✐❧✐③❡s ❛♥❞ t❤❡♥ ✐t ✐♥❝r❡❛s❡s ❞✉❡
t♦ ♣r❡ss✉r❡ ❞r♦♣ ❛♥❞ st❛t✐❝ ♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ✇❤✐❧❡ t❤❡ ❜✉❜❜❧❡ ♠♦✈❡s ✉♣✇❛r❞✳
❚♦t❛❧ ❝❤❛♥❣❡ ❞✉❡ t♦ ♣r❡ss✉r❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ❝❛❧❝✉❧❛t✐♦♥ ✐s ✈❡r②
s♠❛❧❧ ❝❛✳ ✵✳✵✷✺ ✪ ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ t❛❦❡♥ ✐♥ ❛❝❝♦✉♥t ✐♥ ♠❛ss tr❛♥s❢❡r ❝❛❧❝✉❧❛t✐♦♥✳
❚❤❡r❡❢♦r❡✱ ❛❧❧ s✐♠✉❧❛t✐♦♥s ❢♦r t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ✈♦❧✉♠❡ ❝❤❛♥❣❡ ❞✉❡ t♦ t❤❡ ♠❛ss
tr❛♥s❢❡r ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛s ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❈P❯ t✐♠❡✳
✻✳✷✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ P▲■❈ ♠❡t❤♦❞s ✐♥ ✸✲❉ s✐♠✉❧❛t✐♦♥s
❋✐❣✉r❡ ✻✳✹ s❤♦✇s t❤❡ ♣r♦❣r❡ss✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❜✉❜❜❧❡ ✭❊q✉❛✲
t✐♦♥ ✻✳✽✮ ❞✉❡ t♦ ♠❛ss tr❛♥s❢❡r ❝❛❧❝✉❧❛t❡❞ ❜② P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ♠❡t❤♦❞s ✇✐t❤ ❛
✺✵①✶✵✵①✺✵ ❝❡❧❧s ❛♥❞ ✉♥✐❢♦r♠ ♠❡s❤✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡ ❛t t❤❡ ♠✐❞❞❧❡ ❧✐♥❡
♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✺✳
■♥ ♦r❞❡r t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ r❡❛s♦♥ ♦❢ s✐♠✐❧❛r r❡s✉❧ts ❞❡❧✐✈❡r❡❞ ❜② P▲■❈✲✶
❛♥❞ P▲■❈✲✷ t❤❡ ❝❛❧❝✉❧❛t❡❞ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ s ✭∆X✴❛✮ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s
✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✻✳✻ ❛♥❞ ❋✐❣✉r❡ ✻✳✼✳ ❚❤❡ ① ❛①✐s ✐♥ ❋✐❣✉r❡ ✻✳✼ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❝❡❧❧ ✐♥❞❡① ♦❢ ❋✐❣✉r❡ ✻✳✻✳
s ✐♥ t❤❡ ❋✐❣✉r❡ ✻✳✼ ❞❡♥♦t❡s t❤❡ r❛t✐♦ ♦❢∆X ❛♥❞ ♠❡s❤ s✐③❡✳ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷
♠❡t❤♦❞s ❞❡❧✐✈❡r❡❞ ✐♥t❡r❡st✐♥❣❧② ❛❧♠♦st t❤❡ s❛♠❡ r❡s✉❧ts ✇✐t❤✐♥ ❛ ❞❡✈✐❛t✐♦♥ ♦❢ ♦♥❧②
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▼❆❙❙ ❚❘❆◆❙❋❊❘
❋✐❣✉r❡ ✻✳✸✿ ❈❤❛♥❣❡ ♦❢ ♥♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ❢♦r ❝♦♠♣r❡ss✐❜❧❡ ❣❛s ❞✉r✐♥❣ t❤❡ ❢r❡❡
r✐s✐♥❣ ❜✉❜❜❧❡ ✉s✐♥❣ ✺✵①✶✵✵①✺✵ ♠❡s❤ ❝❡❧❧s ✐♥ ✸✲❉
✉♣ t♦ ✶✪ ❢♦r t❤❡ ❛✈❡r❛❣❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❧❡♥❣t❤ ✭♠❡❛♥ ✈❛❧✉❡✮ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s
✭❋✐❣✉r❡ ✻✳✼✮✳ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ∆X ✉s✐♥❣ t❤❡ s❛♠❡ ✈♦✐❞ ❢r❛❝t✐♦♥s ✐♥ ❝✉❜✐❝ ❝❡❧❧s
❣✐✈❡ s✐♠✐❧❛r r❡s✉❧ts✳ P▲■❈✲✶ ❤❛s ♠♦r❡ ❛❝❝✉r❛❝② ❜✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❝❛❧❝✉❧❛t✐♦♥
t✐♠❡ ♦❢ ∆X ✐♥ P▲■❈✲✷ ✐s ❢❛st s✐♥❝❡ t❤❡ ✐t❡r❛t✐♦♥ ♣r♦❣r❡ss ✐s ♥♦t ♥❡❡❞❡❞✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞ P▲■❈✲✷ r❡s✉❧ts ❢♦r ❝❛❧❝✉❧❛t❡❞ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ✐s ♥♦t st❛❜❧❡ ❛s ♠✉❝❤
❛s P▲■❈✲✶ ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✽✳
❈♦♥s✐st❡♥t r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ r❡s✉❧ts ❢r♦♠ ❧✐t❡r❛t✉r❡ ❬✹✻✱ ✼✽❪
❛s ✐t ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✻✳✷✳ ❉✉❡ t♦ t❤❡ s♠❛❧❧ ❜✉❜❜❧❡ s✐③❡ s❤r✐♥❦❛❣❡ ✭❋✐❣✉r❡ ✻✳✹✮
t❤❡ ❜✉❜❜❧❡ ❛s♣❡❝t r❛t✐♦s ❛♥❞ ❜✉❜❜❧❡ ✈❡❧♦❝✐t✐❡s ♦❢ t❤❡ ❞✐✛❡r❡♥t ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s❡s
✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥s✐❞❡r ✈♦❧✉♠❡ s❤r✐♥❦❛❣❡ ❛r❡ ✈❡r② ♥❡❛r t♦ ♦✉r r❡s✉❧ts✳ ❚❤✐s ✐s ♥♦t
✈❡r② s✉r♣r✐s✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥s✐st❡♥❝② ✐♥ t❤❡ ❈❲▲ ✐s ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ ❝♦rr❡❝t
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢∆X ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡ ♥♦r♠❛❧ ✈❡❝t♦r ❛♥❞ t❤❡
✈♦✐❞ ❢r❛❝t✐♦♥✳ ❚❤❡ ❤②❞r♦❞②♥❛♠✐❝ r❡s✉❧ts ❛s ✇❡❧❧ ❛s t❤❡ ❛s♣❡❝t r❛t✐♦ ♦❢ t❤❡ ❜✉❜❜❧❡
s❤♦✇ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❛❧s♦ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥ ❢r♦♠ ❘❛②♠♦♥❞ ❛♥❞
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❋✐❣✉r❡ ✻✳✹✿ ◆♦r♠❛❧✐③❡❞ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡ ✇✐t❤ t❤❡ t✇♦ ❞✐✛❡r❡♥t
∆X ❞✐st❛♥❝❡ ❝❛❧❝✉❧❛t✐♦♥ ♠❡t❤♦❞s✳ ❚✐♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ r✐s✐♥❣
❜✉❜❜❧❡✳ ▼❡s❤ r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵ ❝❡❧❧s
❘♦s❛♥t ✭✷✵✵✵✮ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✼✽❪✳
❚❤❡r❡ ✐s ♥♦ ❛✈❛✐❧❛❜❧❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ t♦ ❝♦♠♣❛r❡ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐✲
❜✉t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s ❧✐❡s ✐♥ ♠❡❛s✉r✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞
✈❛❧✉❡s ✐♥ s♣❛t✐❛❧ ❛♥❞ t✐♠❡ r❡s♦❧✉t✐♦♥✳ ■♥✈❡st✐❣❛t✐♦♥s ♦❢ ❜✉❜❜❧❡ ❞✐ss♦❧✉t✐♦♥ ✐♥ ❝♦♥✲
t✐♥✉♦✉s ♣❤❛s❡s ❛r❡ ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t ❬✼✾❪✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
s♦♠❡ ❛ss✉♠♣t✐♦♥s ❛r❡ st✐❧❧ ♠❛❞❡ ✇❤✐❝❤ ♠❛② ♣r♦❞✉❝❡ ❞✐✛❡r❡♥❝❡s t♦ t❤❡ ❡①♣❡r✐✲
♠❡♥t❀ ❢♦r ❡①❛♠♣❧❡ ♣✐❡❝❡✇✐s❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s✱ ❝♦♥t❛♠✐♥❛♥ts ✐♥✢✉❡♥❝❡ ❛♥❞
▼❛r❛♥❣♦♥✐ ❡✛❡❝t ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✳ ❚❤❡r❡❢♦r❡ t❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❡♦r❡t✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s t♦ ♣r♦✈❡ t❤❡ ♠♦❞❡❧s ✉♥❞❡r ♣❛r❛♠❡t❡r ✈❛r✐❛t✐♦♥✳
❆ ✇❡❧❧ ❦♥♦✇♥ ❙❤❡r✇♦♦❞ ❝♦rr❡❧❛t✐♦♥ ❢r♦♠ ❈❛❧❞❡r❜❛♥❦ ❛♥❞ ▼♦♦✲❨♦✉♥❣ ✭❬✷✾❪✮
❢♦r ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡s ✭ ❞b❃✷✳✺ ♠♠✮ ✐s❀
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 PLIC-2
❋✐❣✉r❡ ✻✳✺✿ ❈♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡ ✐♥ ✢♦✇ ❞✐r❡❝t✐♦♥ ✭② ❛①✐s✮ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢
t❤❡ ❝❤❛♥♥❡❧ ✉s✐♥❣ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ♠❡t❤♦❞ ✇✐t❤ ❋✐rst ❖r❞❡r s❝❤❡♠❡✳ ▼❡s❤
r❡s♦❧✉t✐♦♥✿ ✺✵①✶✵✵①✺✵ ❝❡❧❧s
Sh = 0.42 Gr1/3 Sc1/2 ✭✻✳✾✮
✇❤❡r❡ ●r❛s❤♦❢ ✭●r✮ ♥✉♠❜❡r ✐s❀
Gr =
d3bub.∆ρ.ρl.g
µ2l
✭✻✳✶✵✮
❙❤❡r✇♦♦❞ ♥✉♠❜❡r ❝♦rr❡❧❛t✐♦♥ ❢r♦♠ ❈❤❛♦ ✭✶✾✻✷✮ ❬✷✽✱ ✼✻❪ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❘❡
❛♥❞ ❙❝ ❢♦r ❜✉❜❜❧❡ s♣❤❡r❡s ✇✐t❤ ♠♦❜✐❧❡ ✐♥t❡r❢❛❝❡s ❛s ❢♦❧❧♦✇s✿
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■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦rr❡❧❛t✐♦♥s t❤❡
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✐♥❣ t♦ ❙❝❂✶✵ ❛♥❞ ❙❝❂✶ r❡s♣❡❝t✐✈❡❧②✮✳ ❋✐❣✉r❡ ✻✳✾ s❤♦✇s t❤❛t ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
✇✐t❤ ✜rst ♦r❞❡r s❝❤❡♠❡ ❛r❡ s❧✐❣❤t❧② ♦✈❡r❡st✐♠❛t✐♥❣ t❤❡ ♠❛ss tr❛♥s❢❡r✳
❋✐❣✉r❡ ✻✳✶✵ s❤♦✇s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts ✐♥ t❤❡ ❧✐q✉✐❞ ❛t ❘❡ ❂✼✳✵✻ ❢♦r
❞✐✛❡r❡♥t ❙❝ ♥✉♠❜❡rs✳ ❋♦r ❙❝❂✶ ❛ ✈❡r② ❧♦♥❣ ❝♦♥❝❡♥tr❛t✐♦♥ ✇❛❦❡ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤
❝❛♥ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ❛t ❙❝❂✶✵ ✐s ❧❡ss ❝♦♠♣❛r❡❞ t♦ ❝♦♥✲
❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥t ❛t ❙❝❂✶✳ ❈♦♥❝❡♥tr❛t✐♦♥ ❧❡♥❣t❤ ❛♥❞ ✇✐❞t❤ ✐s ❛❧s♦ s♠❛❧❧❡r✳ ■♥
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❚❛❜❧❡ ✻✳✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡s✉❧ts ✇✐t❤ ❞❛t❛ ✐♥ ❧✐t❡r❛t✉r❡ ❛t ✵✳✷ s ❛❜s♦r♣t✐♦♥ t✐♠❡✳
✭❈❲▲❂❈♦♥❝❡♥tr❛t✐♦♥ ✇❛❦❡ ❧❡♥❣t❤ ♦❢ tr❛❝❡❛❜❧❡ ❣❛s❡♦✉s s♣❡❝✐❡s ✐♥ t❤❡ ❧✐q✉✐❞✱ ❆❘❂
❆s♣❡❝t ❘❛t✐♦ ♦❢ ❜✉❜❜❧❡ ✮
✻✳✷✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ❋✐rst ♦r❞❡r ❛♥❞ ◗❯■❈❑ s❝❤❡♠❡ r❡✲
s✉❧ts ❢♦r ♠❛ss tr❛♥s❢❡r ✐♥ ✸❉ s✐♠✉❧❛t✐♦♥s
❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ◗❯■❈❑ ❛♥❞ ✜rst ♦r❞❡r s❝❤❡♠❡s ❢♦r ♠❛ss ❛♥❞ s♣❡❝✐❡s ❡q✉❛t✐♦♥s
✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳✶✶ ❜② ♣❧♦tt✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ❛❣❛✐♥st ❜✉❜✲
❜❧❡ r✐s✐♥❣ t✐♠❡✳ ■♥ ✜rst✲♦r❞❡r s❝❤❡♠❡s q✉❛♥t✐t✐❡s ❛t ❝❡❧❧ ❢❛❝❡s ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②
❛ss✉♠✐♥❣ t❤❛t t❤❡ ❝❡❧❧✲❝❡♥t❡r ✈❛❧✉❡s ♦❢ ❛♥② ✜❡❧❞ ✈❛r✐❛❜❧❡ r❡♣r❡s❡♥t ❛ ❝❡❧❧ ❛✈❡r❛❣❡
✈❛❧✉❡ ❛♥❞ t❤❡ ❢❛❝❡ q✉❛♥t✐t✐❡s ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❝❡❧❧ q✉❛♥t✐t✐❡s✳ ❋♦r q✉❛❞r✐❧❛t❡r❛❧
❛♥❞ ❤❡①❛❤❡❞r❛❧ ♠❡s❤❡s ❆◆❙❨❙ ❋▲❯❊◆❚ ❛❧s♦ ♣r♦✈✐❞❡s t❤❡ ◗❯■❈❑ s❝❤❡♠❡ ❢♦r
❝♦♠♣✉t✐♥❣ ❛ ❤✐❣❤❡r✲♦r❞❡r ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ❛t ❛ ❢❛❝❡✳ ◗❯■❈❑✲t②♣❡ s❝❤❡♠❡s
❛r❡ ❜❛s❡❞ ♦♥ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ s❡❝♦♥❞✲♦r❞❡r✲✉♣✇✐♥❞ ❛♥❞ ❝❡♥tr❛❧ ✐♥t❡r♣♦❧❛✲
t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ❛♥❞ ❣✐✈❡ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ♦♥ str✉❝t✉r❡❞ ♠❡s❤❡s✳ ❋r♦♠
❋✐❣✉r❡ ✻✳✶✶ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ✐s ❤✐❣❤ ❛t t❤❡
❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❜✉❜❜❧❡ r✐s❡ s✐♥❝❡ t❤❡r❡ ✐s ❛❧♠♦st ♥♦ ❣❛s ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡
❧✐q✉✐❞ ♣❤❛s❡✳ ■♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s❝❤❡♠❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r
✇✐t❤ ◗❯■❈❑ s❝❤❡♠❡ ✐s ❜❡t✇❡❡♥ t❤❡ t❤❡♦r② ♦❢ ❈❤❛♦ ✭❊q✳✻✳✶✶✮ ❛♥❞ t❤❡ t❤❡♦r② ♦❢
❈❛❧❞❡r❜❛♥❦✫▼♦♦✲❨♦✉♥❣ ✭❊q✳✻✳✾✮✱ ✇❤❡r❡❛s t❤❡ ✜rst ♦r❞❡r s❝❤❡♠❡ ✐s ♦✈❡r❡st✐♠❛t✲
✐♥❣ ♠❛ss tr❛♥s❢❡r✳
✻✳✷✳✹ ■♥✢✉❡♥❝❡ ♦❢ ✇❛❧❧ ❞✐st❛♥❝❡ ♦♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ✐♥ ✷✲❉
❋♦r t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐t ✇❛s ❛❞❤❡r❡❞ t♦ t❤❡ s②st❡♠ ♦❢
❇♦t❤❡ ❡t ❛❧✳ ✭✷✵✵✸✮ ❬✹✻❪ ❢♦r ♦♥❡✲t♦✲♦♥❡ ❝♦♠♣❛r✐s♦♥ ✐♥ ✸✲❉ s✐♠✉❧❛t✐♦♥s✳ ❍♦✇✲
❡✈❡r✱ ✐♥✈❡st✐❣❛t✐♦♥s ❢♦r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ✇❛❧❧ ❜✳❝✳ ♦♥ ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t② ❤❛✈❡
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t✐♦♥s✳ ■♥ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts P▲■❈✲✶✱ ❋✐rst ♦r❞❡r s❝❤❡♠❡ ❢♦r ♠♦♠❡♥t✉♠ ❛♥❞ s♣❡❝✐❡s
❡q✉❛t✐♦♥ ❛♥❞ ✺✵①✶✵✵①✺✵ ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛r❡ ✉s❡❞✳
❝❤❛♥♥❡❧ ✇❛s ✈❛r✐❡❞ ❜❡t✇❡❡♥ ❛♣♣r♦①✐♠❛t❡❧② t✇♦❢♦❧❞ ❛♥❞ ❡✐❣❤t❢♦❧❞ ♦❢ t❤❡ ❜✉❜❜❧❡
❞✐❛♠❡t❡r✳ ❚❤❡ ❧✐♥❡ ❲❂✶✻ ♠♠ ❝♦rr❡s♣♦♥❞s t❤❡ s②st❡♠ ♦❢ ❇♦t❤❡ ❡t ❛❧✳ ❬✹✻❪ ✐♥
❋✐❣✉r❡ ✻✳✶✷✳ ■♥❝r❡❛s✐♥❣ ♦❢ t❤❡ ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ✐♥❝r❡❛s❡s t❤❡ ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t②✳
❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ♦♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ♠✐♥✐♠✐③❡s ❛❢t❡r s✐①❢♦❧❞ ♦❢
❜✉❜❜❧❡ ❞✐❛♠❡t❡r ❛♥❞ ✐t ❛❧♠♦st ❞✐s❛♣♣❡❛rs ❛t ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ♦❢ ✸✷ ♠♠✳ ❇✉❜❜❧❡
✈❡❧♦❝✐t② ❛t st❡❛❞②✲st❛t❡ ③♦♥❡ ❛♣♣r♦❛❝❤❡s t♦ ✵✳✶✸ ♠✴s✱ ✇❤✐❝❤ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤
❡①♣❡r✐♠❡♥t❛❧ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❘❛②♠♦♥❞ ✭✷✵✵✵✮ ✭❚❛❜❧❡ ✻✳✷✮✳ ■♥✢✉❡♥❝❡ ♦❢ t❤❡
♣r❡ss✉r❡ ♦✉t❧❡t ✭P✳✵✳✮ ♦♥ ❜✉❜❜❧❡ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛❢t❡r ✵✱✶✼ s ✇❤❡♥ t❤❡
❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ✐s ❣r❡❛t❡r t❤❛♥ ✶✻ ♠♠✳ ❇✉❜❜❧❡ ✈❡❧♦❝✐t② ✐♥❝r❡❛s❡s t✐❧❧ ✵✳✵✶✷ s ❛t
t❤❡ ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ♦❢ ✽ ♠♠✳ ■t r❡❛❝❤❡s ❛ st❡❛❞② st❛t❡ ❡❛r❧✐❡r✳ ■❢ t❤❡ ❝❤❛♥♥❡❧ ❞✐✲
❛♠❡t❡r ✐s ❣r❡❛t❡r t❤❛♥ ✽ ♠♠✱ t❤❡ r❡q✉✐r❡❞ t✐♠❡ ♦❢ tr❛♥s✐❡♥t ③♦♥❡ ✐♥❝r❡❛s❡s✳ ❙✐♥❝❡
t❤❡ ❝❤❛♥♥❡❧ ❞✐❛♠❡t❡r ♦❢ ✸✷ ♠♠ ❤❛s ❛❧♠♦st ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ ❜✉❜❜❧❡ r✐s❡ ✈❡❧♦❝✐t②✱
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tr❛♥s❢❡r ✐t ✇❛s s✇✐t❝❤❡❞ t♦ ❛①✐s✲s②♠♠❡tr✐❝ ✷✲❉ s✐♠✉❧❛t✐♦♥s ❛♥❞ P▲■❈✲✶ ♠❡t❤♦❞
✇❛s ✐♠♣❧❡♠❡♥t❡❞✳ ❆ t✐♠❡ st❡♣ s✐③❡ ✭✶✵−6 s✮ ♦♥ ♠❛ss tr❛♥s❢❡r ❢♦r t❤❡ s♠❛❧❧❡st
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❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❇❛t❝❤❡❧♦r ❧❡♥❣t❤ s❝❛❧❡ t❤❡ r❡q✉✐r❡❞ ♠✐♥✐♠✉♠ ♠❡s❤ s✐③❡ ✐s
✵✳✻✼ 10−4 ♠ ❢♦r ❤❛✈✐♥❣ t❤❡ r❡❛❧✐st✐❝ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts ✐♥ t❤✐s ❝❛s❡✳ ■♥❞❡♣❡♥✲
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▼❡s❤ s✐③❡ ✭♠✮ ✸✳✷ ✶✵−4 ✶✳✻ ✶✵−4 ✵✳✽ ✶✵−4 ✵✳✹ ✶✵−4
m˙avg ✭❦❣✴s✮ ✶✳✶✷ ✶✵
−9 ✶✳✹ ✶✵−9 ✶✳✹✹ ✶✵−9 ✶✳✹ ✶✵−9
❦avg ✭♠✴s✮ ✸✳✺ ✶✵
−3 ✹✳✸ ✶✵−3 ✹✳✹ ✶✵−3 ✹✳✸ ✶✵−3
❙❤avg ✭✲✮ ✷✵✳✶ ✷✻✳✸ ✷✼✳✼ ✷✼✳✷
❚❛❜❧❡ ✻✳✸✿ ■♥✢✉❡♥❝❡ ♦❢ ❣r✐❞ r❡s♦❧✉t✐♦♥ ♦♥ ♠❛ss tr❛♥s❢❡r
t❤❡ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ❛♣♣r♦❛❝❤❡s ✷✼✳ ❘❡✜♥❡♠❡♥t ♦❢ t❤❡ ♠❡s❤ s✐③❡ ❛t ✐♥t❡r❢❛❝❡
❝❡❧❧s ❛♣♣r♦❛❝❤❡s ❛ st❛❜❧❡ ♠❛ss ✢♦✇ r❛t❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡s ❛r❡ ❞❡t❛✐❧❡❞
✐♥ ❚❛❜❧❡ ✻✳✸✳
✽✸
❈♦♥❝❧✉s✐♦♥s
■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ t❤❡ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♦❢ ❤②❞r♦❣❡♥✲♥✐tr♦❜❡♥③❡♥❡ ♦♥ st❛✐♥❧❡ss
st❡❡❧ ❛♥❞ ♦♥ ❛ ❝❛r❜♦♥ s✉r❢❛❝❡ ❤❛s ❜❡❡♥ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❛ st❛t✐❝ ❞r♦♣❧❡t ♠❡t❤♦❞✳
❖❜s❡r✈❛t✐♦♥ ♦❢ t✇♦ ♣❤❛s❡ ✢♦✇ ✐♥ ♠✐❝r♦r❡❛❝t♦rs ❤❛s ❜❡❡♥ ❞♦♥❡✳ ■♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡
t❡♥s✐♦♥✱ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s✱ st❛t✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ ♦♥ ✐♠♠✐s❝✐❜❧❡ t✇♦ ♣❤❛s❡ ✢♦✇s
❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ♠✐❝r♦r❡❛❝t♦rs ✉s✐♥❣ t❤❡ ❱❖❋ ♠❡t❤♦❞✳ ❖♥❡ ♦❢ t❤❡ ♠♦st
✐♠♣♦rt❛♥t ❣♦❛❧s ♦❢ t❤✐s r❡s❡❛r❝❤ ✇❛s t♦ ♠♦❞❡❧ ♠❛ss tr❛♥s❢❡r ♠❡❝❤❛♥✐s♠ ❢r♦♠
❣❛s ♣❤❛s❡ t♦ ❧✐q✉✐❞ ♣❤❛s❡ t❤r♦✉❣❤ ✐♥t❡r❢❛❝❡ ✐♥ t❤❡ ❱❖❋ ♠❡t❤♦❞✳ ■♥✢✉❡♥❝❡ ♦❢
♠❡s❤ s✐③❡✱ s❝❤❡♠❡s ❛♥❞ ❞✐✛❡r❡♥t ❙❝ ♥✉♠❜❡rs ♦♥ ♠❛ss tr❛♥s❢❡r ♠❡❝❤❛♥✐s♠ ✇❡r❡
✐♥✈❡st✐❣❛t❡❞ ❢♦r ❛ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡ ✐♥ ❛ ♠✐♥✐❝❤❛♥♥❡❧ ✐♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ t❤❡ s✐♠♣❧✐✜❡❞ ❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞
❝♦rr❡❧❛t✐♦♥s ❢r♦♠ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳
❖♥❡ ♦❢ t❤❡ ❞✐✣❝✉❧t✐❡s ✐s st✐❧❧ t♦ ❤❛♥❞❧❡ ✈✐s❝♦s✐t② s✐♥❣✉❧❛r✐t② ✐♥ ❱❖❋ ♠❡t❤✲
♦❞s ✐❢ ❛ ❝♦♥t❛❝t ❧✐♥❡ ♦❝❝✉rs ✐♥ ♠✐❝r♦r❡❛❝t♦rs✳ ■♥ ♦r❞❡r t♦ ❝♦rr❡❝t❧② ♠♦❞❡❧ t❤❡
♣❤②s✐❝❛❧ ♠♦t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ❧✐♥❡ ❜❡t✇❡❡♥ t❤r❡❡ ♣❤❛s❡s ✭❤❡r❡ ❣❛s✲❧✐q✉✐❞✲s♦❧✐❞✮
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✇❛❧❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛❞❞✐t✐♦♥❛❧ ✉s❡r ❡✛♦rt ✇✐❧❧ ❜❡ ♥❡❡❞❡❞
t♦ ✐♠♣❧❡♠❡♥t t❤❡ r❡q✉✐r❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥t♦ ❝♦❞❡s❀ ❡✳❣✳ ❢♦r s❧✐♣ ❧❡♥❣t❤
❛♥❞ ❞②♥❛♠✐❝ ❝♦♥t❛❝t ❛♥❣❧❡ t❤❡r❡ ✐s ♥♦ ✉♥✐✈❡rs❛❧ ♠♦❞❡❧ ❛✈❛✐❧❛❜❧❡✳ ❙t❛♥❞❛r❞ ❈❋❉
❝♦❞❡s ✇♦r❦ ✇✐t❤ ❛ ♥♦♥✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ✇❛❧❧s ❛♥❞ t❤✉s ❛♥ ✐♥✜♥✐t❡ ❞✐✲
✈❡r❣❡♥❝❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈✐s❝♦s✐t② ♠❛② ♦❝❝✉r ❧❡❛❞✐♥❣ t♦ ❛ ✈✐s❝♦s✐t② s✐♥❣✉❧❛r✐t②
♥❡❛r t❤❡ ✇❛❧❧s✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ ❤❡r❡ t❤❛t ♥♦♥✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❞♦❡s
♥♦t ♠❡❛♥ t❤❛t t❤❡ ❝♦♥t❛❝t ❧✐♥❡ ✇✐❧❧ ♥♦t ♠♦✈❡✱ ❜✉t t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts ♠❛② t❤✉s
❤❛✈❡ ✉♣ t♦ ✺✪ ❡rr♦r ❞✉❡ t♦ ❛♥ ❛♣♣❧✐❡❞ ♥♦♥✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝♦♠♣❛r❡❞ t♦
❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❧❛tt❡r ❜♦✉♥❞❛r② ❝♦♥✲
❞✐t✐♦♥ ❛rt✐✜❝✐❛❧ s❧✐♣ ❧❡♥❣t❤s ♠✉st ❜❡ ❝❤♦s❡♥✱ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛❧❧② ♦♥❡ ♠❛❣♥✐t✉❞❡
s♠❛❧❧❡r t❤❛♥ t❤❡ ❛♣♣❧✐❡❞ ♠❡s❤ s✐③❡ ❬✽✶✱ ✽✷❪✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ ❛♣♣r♦❛❝❤ t♦ ❛✈♦✐❞
✽✹
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
✈✐s❝♦s✐t② s✐♥❣✉❧❛r✐t② ✐s ✐♥t❡❣r❛t✐♦♥ ♦❢ ❛♥ ❛♥❛❧②t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞
✐♥ ❛ tr✉♥❝❛t❡❞ ❞♦♠❛✐♥ ✇❤✐❝❤ ♠❛② r❡❞✉❝❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❡s❤ ❞❡♣❡♥❞❡♥❝❡
✐♥ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ❬✽✸❪✳
❉✐r❡❝t ♥✉♠❡r✐❝❛❧ ♠❛ss tr❛♥s❢❡r ✐♥✈❡st✐❣❛t✐♦♥ ❢♦r ❛ ❢r❡❡ r✐s✐♥❣ ❜✉❜❜❧❡ ✉s✐♥❣
t✇♦ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣ts ✭P▲■❈✲✶ ❛♥❞ P▲■❈✲✷✮ t♦ ❞✐s❝r❡t✐③❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐✲
❡♥ts ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s ❤❛s ❜❡❡♥ ❞♦♥❡✳ ❘❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡s❡ t✇♦ ♥✉♠❡r✐❝❛❧
❝♦♥❝❡♣ts ❛r❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧✳ P▲■❈✲✶ ❛♣♣r♦❛❝❤ ❤❛s ♠♦r❡ ❛❝❝✉r❛❝② ❜✉t ✐s ♠♦r❡
t✐♠❡ ❝♦♥s✉♠✐♥❣ t❤❛♥ t❤❡ P▲■❈✲✷ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♠❛ss tr❛♥s❢❡r s♦✉r❝❡ t❡r♠ ✇❛s
❧✐♥❦❡❞ t♦ ✈♦✐❞ ❢r❛❝t✐♦♥ ❛♥❞ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❜✉❜❜❧❡
s❤r✐♥❦✐♥❣ ❞✉❡ t♦ ♠❛ss tr❛♥s❢❡r✳ ❘❡s✉❧ts ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞ ♥✉♠❜❡r ❛r❡ ✐♥
❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛s ❧♦♥❣ ❛s s✉✣❝✐❡♥t ❣r✐❞ r❡s♦❧✉t✐♦♥ ❛♥❞ ❤✐❣❤
♦r❞❡r s❝❤❡♠❡s ❢♦r s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ ❧♦✇ t✐♠❡ st❡♣ s✐③❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳
❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ s❤♦✇s q✉❛❧✐t❛t✐✈❡❧②
❣♦♦❞ ❛❣r❡❡♠❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ ❞✐r❡❝t ♠❡❛s✉r❡♠❡♥t ♦❢ ❧♦❝❛❧ ❝♦♥❝❡♥✲
tr❛t✐♦♥ ✜❡❧❞ ✐♥ t✇♦ ♣❤❛s❡ ✢♦✇s ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ❡✈❛❧✉❛t❡ q✉❛♥t✐t❛t✐✈❡❧② t❤❡
♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
❋♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ✇✐t❤ t❤❡ t✇♦ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣ts ✭P▲■❈✲✶✱ P▲■❈✲✷✮✱ ❛
❝♦❞❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥t♦ ❋❧✉❡♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ❜❡t✇❡❡♥
❣❛s✲ ❧✐q✉✐❞ ✐♥t❡r❢❛❝❡ ❛♥❞ ❝❡♥t❡r ♦❢ ❧✐q✉✐❞ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❚❤❡ ❝♦❞❡ ✐♥❝❧✉❞❡❞
t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s s✐♥❝❡ ❋❧✉❡♥t ♦♥❧② ♣r♦✈✐❞❡s t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ❛♥❞
t❤❡ ❣❛s✲❧✐q✉✐❞ r❛t✐♦ ❢♦r t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐✛✉s✐♦♥ ❧❡♥❣t❤ ∆X
✐s r❡q✉✐r❡❞ t♦ ✐♥tr♦❞✉❝❡ ❞✐✛✉s✐♦♥ ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡ ❛s ♠❛❥♦r tr❛♥s♣♦rt ♠❡❝❤❛✲
♥✐s♠ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♥❝❡♣t ♦❢ P▲■❈✲✶ ∆X ✐s ❛❧♠♦st
❛♥ ❡①❛❝t s♦❧✉t✐♦♥ ✇❤✐❧❡ ✐♥ t❤❡ P▲■❈✲✷ ❝♦♥❝❡♣t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐s ❛♣✲
♣r♦①✐♠❛t❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ P▲■❈✲✶ ✐s ♠♦r❡ t✐♠❡ ❝♦♥s✉♠✐♥❣ t❤❛♥ P▲■❈✲✷
❛♣♣r♦❛❝❤✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞❡❧✐✈❡r❡❞ r❡s✉❧ts ❢r♦♠ P▲■❈✲✶ ❛♥❞ P▲■❈✲✷ ❝♦♥❝❡♣t ❛r❡
✐♥t❡r❡st✐♥❣❧② ❛❧♠♦st ✐❞❡♥t✐❝❛❧ ✇✐t❤✐♥ ❛ ❞❡✈✐❛t✐♦♥ ♦❢ ♦♥❧② ✉♣ t♦ ✶✪ ❢♦r t❤❡ ❛✈❡r❛❣❡
❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❚❤❡ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ❛♥❞
♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ✇❛s ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳ ■t ✇❛s s❤♦✇♥
t❤❛t ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ r❡❛s♦♥❛❜❧❡ r❡s✉❧ts✱ t❤❡ ❝❡❧❧ s✐③❡ s❤♦✉❧❞ ❜❡ ✐♥ t❤❡ ♦r❞❡r
♦❢ t❤❡ ❇❛t❝❤❡❧♦r ❧❡♥❣t❤ s❝❛❧❡✳ ❚❤✐s ✇❛s ♣r♦✈❡♥ ❜② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥
♠❛ss tr❛♥s❢❡r✳ ▼❛ss tr❛♥s❢❡r ❛♣♣r♦❛❝❤❡s ❛ st❡❛❞② st❛t❡ ✈❛❧✉❡ ❛t ❇❛t❝❤❡❧♦r ❧❡♥❣t❤
s❝❛❧❡ ♦❢ t❤❡ ❝❡❧❧ s✐③❡✳ ■♥ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s❝❤❡♠❡s t❤❡ ♥✉♠❡r✐❝❛❧ ❙❤❡r✇♦♦❞
✽✺
✻✳ ❉■❘❊❈❚ ◆❯▼❊❘■❈❆▲ ❙■▼❯▲❆❚■❖◆ ❖❋ ■◆❚❊❘❋❆❈■❆▲
▼❆❙❙ ❚❘❆◆❙❋❊❘
♥✉♠❜❡r ✇✐t❤ ◗❯■❈❑ s❝❤❡♠❡ ✐s ❜❡t✇❡❡♥ t❤❡ t❤❡♦r② ♦❢ ❈❤❛♦ ✭❊q✳✻✳✶✶✮ ❛♥❞ t❤❡
t❤❡♦r② ♦❢ ❈❛❧❞❡r❜❛♥❦✫▼♦♦✲❨♦✉♥❣ ✭❊q✳✻✳✾✮✱ ✇❤❡r❡❛s t❤❡ ✜rst ♦r❞❡r s❝❤❡♠❡ ✐s
♦✈❡r✲♣r❡❞✐❝t✐♥❣ ♠❛ss tr❛♥s❢❡r✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ❱❖❋ ♠❡t❤♦❞ ❣✐✈❡s ❛♥ ♦♣♣♦rt✉♥✐t② t♦ ❞❡✜♥❡ ♠❛ss tr❛♥s❢❡r
♠❡❝❤❛♥✐s♠ ❞✉❡ t♦ ❛ ❞✐✛✉s✐♦♥ ♠❡❝❤❛♥✐s♠ ❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ ❤✐❣❤
❈P❯ t✐♠❡s ✐t ✐s ♦♥❧② ♣♦ss✐❜❧❡ t♦ ♠♦❞❡❧ ❛ ♣✐❡❝❡ ♦❢ t❤❡ r❡❛❝t♦r ❛♥❞ ♦♥❧② ❛ t✐♠❡
❧❡ss t❤❛♥ ♦♥❡ s❡❝♦♥❞ ♦❢ r❡❛❧ t✐♠❡✳ ❆♥♦t❤❡r ❞r❛✇❜❛❝❦ ♦❢ ❱❖❋ ♠❡t❤♦❞ ✐s s♠❡❛r✐♥❣
❛t ✐♥t❡r❢❛❝❡ ❝❡❧❧s✳ ❚❤✐s s♠❡❛r✐♥❣ ❞♦❡s ♥♦t ❛❧❧♦✇ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐♥t❡r❢❛❝❡ ❛r❡❛
❛❝❝✉r❛t❡❧②✳ ❆ ❣❡♦♠❡tr✐❝❛❧ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ♠✐❣❤t ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ r❡❞✉❝❡ t❤❡
♠❡s❤ ✐♥✢✉❡♥❝❡ ♦♥ ♠❛ss tr❛♥s❢❡r✳
✽✻
❆♣♣❡♥❞✐① ❆
P❤②s✐❝❛❧ ❉❛t❛
❆✳✶ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❞❡♥s✐t✐❡s
ρ(kg/m3) =
A
B1+(1−
T/K
C )
D ✭❆✳✶✮
◆✐tr♦❜❡♥③❡♥❡ ❆♥✐❧✐♥❡ ❲❛t❡r
❆ ✶✳✾✺✹✺ ✵✳✸✹✼✺ ✶✳✺✵✺✹
❇ ✵✳✵✸✻✻ ✵✳✵✶✼ ✵✳✵✸✻✹
❈ ✼✼✸✳✽✾✽ ✼✸✵✳✽✼✵ ✻✶✼✳✼✼✹
❉ ✵✳✶✷✸✻ ✵✳✵✽✶✹ ✵✳✵✺✽✼
❚❛❜❧❡ ❆✳✶✿ ❉❡♥s✐t② ❈♦♥st❛♥ts ❢♦r ◆✐tr♦❜❡♥③❡♥❡✱ ❆♥✐❧✐♥❡✱ ❲❛t❡r
❍②❞r♦❣❡♥ ❞❡♥s✐t② ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ✐❞❡❛❧ ❣❛s ❡q✉❛t✐♦♥❀
pV = nRT ✭❆✳✷✮
✇✐t❤
✽✼
❆✳ P❍❨❙■❈❆▲ ❉❆❚❆
n =
m
M
and ρ =
m
V
✭❆✳✸✮
ρ =
MP
RT
✭❆✳✹✮
❆✳✷ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✈✐s❝♦s✐t✐❡s
■♥ ❱❉■ ❲❛❡r♠❡❛t❧❛s ✈✐s❝♦s✐t② ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✇✐t❤ ❛ ❣❡♥❡r❛❧
❢♦r♠✉❧❛ ❢♦r ❣❛s❡s ❛♥❞ ❧✐q✉✐❞s ❛s ❢♦❧❧♦✇✐♥❣❀
ln
µ
Pa.s
= A+
B
T/K
+ C
T
K
+D
(
T
K
)2
+ E
(
T
K
)3
✭❆✳✺✮
µ
Pa.s
= A+B
T
K
+B
(
T
K
)2
+D
(
T
K
)3
+ E
(
T
K
)4
✭❆✳✻✮
◆✐tr♦❜❡♥③❡♥❡ ❆♥✐❧✐♥❡ ❲❛t❡r
❆ ✲✶✷✳✾✷✽ ✲✹✹✳✺✼✷ ✲✷✷✳✾✻✽
❇ ✶✽✵✼✳✼✺ ✼✹✸✹✳✵✸ ✸✷✼✺✳✽✾
❈ ✵✳✵✵✶✶✹✵ ✵✳✵✷✽✸✺ ✵✳✵✶✼✻✸✼
❉ ✭✯✶✵3✮ ✵✳✵✵✷✽ ✵✳✶✶✹✺ ✵✳✵✵✻✾✸
❊ ✭✯✶✵6✮ ✲ ✲✵✳✶✼✹ ✲✵✳✵✶✷✾✸✸
❚❛❜❧❡ ❆✳✷✿ ❱✐s❝♦s✐t② ❈♦♥st❛♥ts ❢♦r ◆✐tr♦❜❡♥③❡♥❡✱ ❆♥✐❧✐♥❡✱ ❲❛t❡r ❬✼❪
✽✽
❆✳ P❍❨❙■❈❆▲ ❉❆❚❆
❍②❞r♦❣❡♥
❆ ✭✯✶✵5✮ ✵✳✶✽✵✷✹
❇ ✭✯✶✵7✮ ✵✳✷✼✶✼✹
❈ ✭✯✶✵10✮ ✲✵✳✶✸✸✾✺
❉ ✭✯✶✵12✮ ✵✳✵✵✺✽✺
❊ ✭✯✶✵15✮ ✲✵✳✵✵✶✵✹
❚❛❜❧❡ ❆✳✸✿ ❱✐s❝♦s✐t② ❈♦♥st❛♥ts ❢♦r ❍②❞r♦❣❡♥ ❬✼❪
❆✳✸ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ s✉r❢❛❝❡ t❡♥s✐♦♥
σ
N/m
= A
(
1− T
T c
)B
✭❆✳✼✮
❆ ❇ ❚c✭❑✮
◆✐tr♦❜❡♥③❡♥❡ ✵✳✵✼✾✹✻ ✶✳✶✸✻✻✼ ✼✶✾
❚❛❜❧❡ ❆✳✹✿ ❙✉r❢❛❝❡ ❚❡♥s✐♦♥ ❈♦♥st❛♥ts ❢♦r ◆✐tr♦❜❡♥③❡♥❡ ❬✼❪
❆✳✹ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❤②❞r♦❣❡♥ s❛t✉r❛t✐♦♥ ✐♥ ♥✐✲
tr♦❜❡♥③❡♥❡
❊q✉❛t✐♦♥ ❆✳✽ ✐s ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ s❤♦✉❧❞ ❜❡ ✉s❡❞ ♦♥❧② ✇❤❡♥ ♥♦ ❡①♣❡r✲
✐♠❡♥t❛❧❧② ❞❡r✐✈❡❞ ❢♦r♠✉❧❛ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ❛ ❣✐✈❡♥ ❣❛s✳ ♣ ✐s ❣✐✈❡♥ ❛t♠♦s♣❤❡r❡s ❛♥❞
❝ ✐s ❣✐✈❡♥ ✐♥ mol.(m3)−1✳ ❍♦✇❡✈❡r ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✇✐t❤
❡①♣❡r✐♠❡♥t❛❧ r❡s❡❛r❝❤ ❜② ❘❛❞❤❛❦r✐s❤♥❛♥ ❡t ❛❧✳ ✭✶✾✽✸✮ ❬✽✹❪ ❜❡t✇❡❡♥ ✷✾✽✲ ✸✹✸ ❑
❢♦r ❤②❞r♦❣❡♥ s♦❧✉t✐♦♥ ✐♥ ♥✐tr♦❜❡♥③❡♥❡ s❤♦✇s ❝♦♥s✐st❡♥t r❡s✉❧ts✳
p = Hpc c ✭❆✳✽✮
✽✾
❆✳ P❍❨❙■❈❆▲ ❉❆❚❆
❘❛❞❤❛❦r✐s❤♥❛♥ ❡t✳❛❧ ✭✶✾✽✸✮ ❬✽✹❪ ♣✉❜❧✐s❤❡❞ t❤❡ ❤②❞r♦❣❡♥ s♦❧✉❜✐❧✐t② ✐♥ ♥✐tr♦❜❡♥✲
③❡♥❡ ❛t ✶✵✶ ❦P❛ ❛♥❞ ✷✾✽ ❑❀
CH2,NB = 1.574
mol
m3
❚❤❡♥ ❍❡♥r② ❝♦♥st❛♥t ❛t ✶ ❛t♠ ❛♥❞ ✷✾✽ ❑ ❢♦r ❤②❞r♦❣❡♥ ✐♥ ♥✐tr♦❜❡♥③❡♥❡ ✐s ❀
Hpc,H2,NB = 0.654
m3
atm/mol
❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❍❡♥r② ❝♦♥st❛♥t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ✐♥t❡❣r❛t✐♥❣
t❤❡ ✈❛♥ ✬t ❍♦✛ ❡q✉❛t✐♦♥ ❬✽✺❪
Hpc(T ) = Hpc(Tstd).e
C
(
1
T
− 1
Tstd
)
✭❆✳✾✮
❼ Hpc ❢♦r ❛ ❣✐✈❡♥ t❡♠♣❡r❛t✉r❡ ✐s t❤❡ ❍❡♥r②✬s ▲❛✇ ❝♦♥st❛♥t✱
❼ ❚ ✐s t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ t❡♠♣❡r❛t✉r❡✱
❼ Tstd r❡❢❡rs t♦ t❤❡ st❛♥❞❛r❞ t❡♠♣❡r❛t✉r❡ ✭✷✾✽ ❑✮✱
❼ ❈ ✐s ❛ ❝♦♥st❛♥t ❛♥❞ ✺✵✵ ❑ ❢♦r t❤❡ ❤②❞r♦❣❡♥ ❬✽✺❪✳
Hpc ✭✸✽✸✳✶✺ ❑✮ ✐s ✵✳✹✺ m3✳❛t♠✴♠♦❧✳ ❚❤❡ s❛t✉r❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❛t ✶ ❛t♠
❛♥❞ ✸✽✸✳✶✺ ❑ ✐s ✿
CH2,NB (383.15K) = 2.286
mol
m3
= 4.57
g
m3
❆✳✺ ❖①②❣❡♥ s❛t✉r❛t✐♦♥ ✐♥ ✇❛t❡r
❍❡♥r② ♥✉♠❜❡r ✐s
H =
Csat
CO2,Air
✭❆✳✶✵✮
Csat = CO2,Air.H = 0.2688.0.03
kg
m3
= 0.008
kg
m3
[✼✽]
✾✵
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❆✳✻ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❤②❞r♦❣❡♥ ❞✐✛✉s✐♦♥ ❝♦❡✣✲
❝✐❡♥t
❲✐❧❦❡ ❛♥❞ ❈❤❛♥❣ ❬✽✻✱ ✽✼❪ ❞❡s❝r✐❜❡ t❤❡ ❜✐♥❛r② ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛ s♦❧✉t❡ ❆
✐♥ ❛ s♦❧✈❡♥t ❇ ✐♥ ❛ ❞✐❧✉t❡ s♦❧✉t✐♦♥ ❛s
DA,B =
7.4 10−8 (φMB)
0.5 T
µB(cP )V 0.6A
✭❆✳✶✶✮
■♥ ❊q✉❛t✐♦♥ ❆✳✶✶ ❆ ❞❡♥♦t❡s ❤②❞r♦❣❡♥ ✇❤✐❧❡ ❇ ❝♦rr❡s♣♦♥❞s ♥✐tr♦❜❡♥③❡♥❡✳ DA,B
✐s ❣✐✈❡♥ cm2/s ✇❤✐❧❡ MB ✐s ❣✐✈❡♥ ✐♥ ✭❦❣✴❦♠♦❧✮ ❛♥❞ ❚ ✐s ❣✐✈❡♥ ✭❑✮✳
φ ▼B✭❦❣✴❦♠♦❧✮ ❱A ✭✲✮
❱❛❧✉❡s ✶ ✶✷✸✳✵✻ ✶✹✳✸
❚❛❜❧❡ ❆✳✺✿ ❆♣♣❧✐❡❞ ❝♦♥st❛♥ts ✐♥ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❝♦rr❡❧❛t✐♦♥
❆✳✼ ◆✐tr♦❜❡♥③❡♥❡ ❛♥❞ ❤②❞r♦❣❡♥ ♠❛ss ✢✉①
NO2 NH2
catalyst
+   2 H2O+      3 H2
 
❋✐❣✉r❡ ❆✳✶✿ ❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡
❚❤✐s ❧❛❜ ♠✐❝r♦ r❡❛❝t♦r ✐s s✉♣♣♦s❡❞ t♦ ❤❛✈❡ ✹✵ ❝❤❛♥♥❡❧s✳ ❖✈❡r❛❧❧ ♥✐tr♦❜❡♥③❡♥❡
✢♦✇ r❛t❡ ✐♥ t❤✐s ✐♥❧❡t ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ✶ ♠❧✴ ♠✐♥✳ ❉❡♥s✐t② ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✐s
✶✶✵✶✳✹ kg
m3
❛t ✶✵ ❜❛r ❛♥❞ ✶✷✵0❈✳ ❱✐s❝♦s✐t② ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✐s ✻✶✳✸ ✶✵−5 kg
s.m
✳
V˙NB,single channnel =
1
40
ml
min
✾✶
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❚❤✐s ✐s ❡q✉❛❧ t♦ ✹✳✶✻ ✶✵−4 ♠❧✴s✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛ss ✢♦✇ r❛t❡ ✐s✿
m˙NB,single channnel = 1.1014
g
cm3
4.16 .10−4
ml
s
= 4.5810−7
kg
s
❚❤❡ ✐♥❧❡t ❛r❡❛ ♦❢ ♦♥❡ ❝❤❛♥♥❡❧ ✐s ❆❂✵✳✹♠♠✯✶♠♠❂✹ ✶✵−7 ♠2✳ ❚❤✉s ♠❛ss ✢✉①
✐s ✶✳✶✹✺ kg
m2s
✳
❚❤❡ ❛✈❡r❛❣❡ ♥✐tr♦❜❡♥③❡♥❡ ✈❡❧♦❝✐t② ❛t ✐♥❧❡t ✐s✿
v =
˙mNB
ρNB.A
=
4.5810−7
1101.4 4 10−7
m
s
= 1 10−3
m
s
✭❆✳✶✷✮
❚❤❡ ♠♦❧ ✢♦✇ ✐s✿
n˙ =
˙mNBρNB
MNB
=
1 1.101
123
mol
min
= 0.00895
mol
min
✭❆✳✶✸✮
❉✉❡ t♦ t❤❡ r❡❛❝t✐♦♥ st♦✐❝❤✐♦♠❡tr② t❤❡ ❤②❞r♦❣❡♥ ♠♦❧❡ ✢♦✇ s❤♦✉❧❞ ❜❡ ✵✳✵✵✽✾✳✸❂
✵✳✵✷✻✽ ♠♦❧✴♠✐♥✳ ❚❤❡ ✈♦❧✉♠❡ ✢♦✇ ✉♥❞❡r st❛♥❞❛r❞ ❝♦♥❞✐t✐♦♥s ✐s✿
˙VH2 = 0.0268
mol
min
.22400
ml
mol
= 601.44
ml
min
❙✐♥❝❡ t❤❡ ♦♣❡r❛t✐♥❣ ♣r❡ss✉r❡ ✐s ✶✵ ❜❛r ❛♥❞ t❤❡ ♦♣❡r❛t✐♥❣ t❡♠♣❡r❛t✉r❡ ✐s ✶✷✵
0❈✱ t❤❡ ✢♦✇ r❛t❡ ✉♥❞❡r ✇♦r❦✐♥❣ ❝♦♥❞✐t✐♦♥s ✐s✿
P1V˙1
T1
=
P2V˙2
T2
✭❆✳✶✹✮
V˙2 =
1 ∗ 601.44 ∗ 393
10 ∗ 273 = 86.6
ml
min
✭❆✳✶✺✮
❆s t❤✐s ✢♦✇ ✐s ❞✐str✐❜✉t❡❞ ♦✈❡r ✹✵ ❤②❞r♦❣❡♥ ✐♥❧❡t ❤♦❧❡s✱ t❤❡ ✢♦✇ r❛t❡ ✐s ✷✳✶✻✺
✾✷
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♠❧✴♠✐♥ ❢♦r ❡❛❝❤ ❤②❞r♦❣❡♥ ✐♥❧❡t✳ ❚❤❡ ♠❛ss ✢♦✇ ❢♦r ❡❛❝❤ ❤♦❧❡ ✐s ✾✳✻✻✼ 10−5 ♠♦❧✴♠✐♥
✯ ✷ ❣✴♠♦❧ ❂✸✳✷✷ 10−9 ❦❣✴s✳ ❲✐t❤ ❛ ❞✐❛♠❡t❡r ♦❢ ✹✵ µ♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛ss
✢✉① ✐s ✷✳✺✻ kg
s.m2
✳ ❚❤❡ ✈❡❧♦❝✐t② ✐s✿
vH2 =
˙mH2
ρH2 .A
=
3.22.10−9
0.618π0.02210−6
m
s
= 4.15
m
s
✭❆✳✶✻✮
✾✸
❆♣♣❡♥❞✐① ❇
❱❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❝♦❞❡
❇✳✶ ❱❛❧✐❞❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❛♥❛❧②t✐✲
❝❛❧ r❡s✉❧ts
■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♠❛ss tr❛♥s❢❡r
r❛t❡ ✐♥ t❤❡ ❝♦❞❡✱ ✜✈❡ t❡st ❝❛s❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❆♥❛❧②t✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ❤❛s
❜❡❡♥ ❡♠♣❧♦②❡❞ ✐♥ ✜rst ❢♦✉r t❡sts ✇❤✐❧❡ ✐♥ t❤❡ ❧❛st t❡st ❛ ❝♦❞❡ t♦ ❝♦❞❡ ❝♦♠♣❛r✐s♦♥
✐s ♣r♦✈✐❞❡❞✳ ■♥ t❤❡ ✜rst t❡st ❞✐✛✉s✐♦♥ t❡r♠ ✐♥ ❊q✉❛t✐♦♥ ❇✳✶ ✭t❤❡ ✜rst t❡r♠ ♦♥ t❤❡
❧❡❢t ❤❛♥❞ s✐❞❡✮ ❤❛s ❜❡❡♥ t❡st❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♣r♦✈✐❞❡❞ ❜② ❈r❛♥❦ ❬✽✽❪✳
❙❡❝♦♥❞❧②✱ ❝♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ❢♦r ❝♦♥✈❡❝t✐✈❡
t❡r♠ ♦❢ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ✐♥ ❊q✉❛t✐♦♥ ❇✳✶ ✭t❤❡ s❡❝♦♥❞ t❡r♠ ♦♥ t❤❡
❧❡❢t ❤❛♥❞ s✐❞❡✮ ❛s ✇❡❧❧ ❛s ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t✐♦♥ t❡r♠ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡✳ ❱♦✐❞
❢r❛❝t✐♦♥✱ ❡✳❣ ❊q✉❛t✐♦♥ ✹✳✶✾✱ ❤❛s ❜❡❡♥ ❛❧s♦ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛♥❛❧②t✐❝ r❡s✉❧ts✳
❆s ♣❤❛s❡ ❝❤❛♥❣❡ ❤❛s ❛❧s♦ ❝♦♥s✐❞❡r❡❞✱ ✈♦✐❞ ❢r❛❝t✐♦♥ ❡q✉❛t✐♦♥ ❊q✉❛t✐♦♥s ✹✳✷✵
♦♥ ♣❛❣❡ ✸✶ s❤♦✉❧❞ ❜❡ ♠♦❞✐✜❡❞ ❜② s♦✉r❝❡ t❡r♠s ❛s ✐t ✐s ❛❧s♦ ✇r✐tt❡♥ ♦♥ ♣❛❣❡ ✸✸✳
❚❤❡ ♠❛ss s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r ♠✉❧t✐♣❤❛s❡ ✢♦✇ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠
❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r ♣❤❛s❡ q✿
✾✹
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∂
∂t
(ρqf qM qi ) +∇ · ρqf q ~vqM qi = −∇ · f q ~Jqi + f qRqihmg + f qSqi ✭❇✳✶✮
✇❤❡r❡ Rqihmg ✐s t❤❡ ♥❡t r❛t❡ ♦❢ ♣r♦❞✉❝t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s s♣❡❝✐❡s ✐ ❜② ❝❤❡♠✐❝❛❧
r❡❛❝t✐♦♥ ❢♦r ♣❤❛s❡ q✳ ■♥ ❛❞❞✐t✐♦♥✱ f q ✐s t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢♦r ♣❤❛s❡ q ❛♥❞ Sqi ✐s
t❤❡ r❛t❡ ♦❢ ❝r❡❛t✐♦♥ ❢r♦♠ ✉s❡r✲❞❡✜♥❡❞ s♦✉r❝❡s✳
❇✳✷ ❚❡st ♦❢ ❞✐✛✉s✐✈❡ t❡r♠
❉✐✛✉s✐✈❡ t❡r♠ ✐♥ ❛ ✶✲❉ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ t❡st❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐s
♣r♦✈✐❞❡❞ ❜② ❈r❛♥❦ ❬✽✽❪✳ ❚✇♦ ♠❡❞✐❛ s❡♣❛r❛t❡❞ ❜② ❛♥ ✐♥t❡r❢❛❝❡ ❤❛s ❜❡❡♥ ♠♦❞❡❧❧❡❞
❢♦r t❤❡ t❡st ♣r♦❜❧❡♠ ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✶✳ ✶✵✵① ✶✵✵ ❝❡❧❧ ❣r✐❞ r❡s♦❧✉t✐♦♥ ✐s
✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳ ▼❛ss tr❛♥s❢❡r ♦❝❝✉rs ♦♥❧② ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥
❢r♦♠ P❤❛s❡ ✶ t♦ P❤❛s❡ ✷✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ P❤❛s❡ ✶ ✐s ❈0 ❂ ✶ ✭❞✐♠❡♥s✐♦♥❧❡ss✮
❛♥❞ ❝♦♥s❡r✈❡s t❤✐s ✈❛❧✉❡ ❞✉r✐♥❣ t❤❡ ♠❛ss tr❛♥s❢❡r ✇❤✐❧❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥
✐♥ P❤❛s❡ ✷ ✐s ③❡r♦ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ✐♥❝r❡❛s❡s ❜② t✐♠❡✳
❚❤❡ ❛♥❛❧②t✐❝❛❧ ❝♦♥❝❡♥tr❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❈r❛♥❦ ❬✽✽❪❀
C = C0.erfc
(
x
2
√
Dt
)
✭❇✳✷✮
✇✐t❤ s❛t✐s❢②✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿
C = C0, x = 0, t > 0 ✭❇✳✸✮
❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥✿
C = 0, x > 0, t = 0 ✭❇✳✹✮
✾✺
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
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❋✐❣✉r❡ ❇✳✶✿ ●❡♦♠❡tr② ♦❢ ✶✲❉ st✉❞②
✇❤❡r❡ ① ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡ t♦ P❤❛s❡ ✷✱ t t✐♠❡✱ ❉ ✐s t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t ✱✇❤✐❝❤ ✐s ✶✵−9 ♠2✴s ✉s❡❞ ✐♥ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s✳
❚❤❡ ❊q✉❛t✐♦♥ ❇✳✶ ❢♦r ❞✐✛✉s✐✈❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s✿
∂
∂t
(ρqf qM qi ) = −∇ · f q ~Jqi ✭❇✳✺✮
✇❤❡r❡ ~Jqi ✐s ✿
~Jqi = −ρqDi,m∇M qi ✭❇✳✻✮
❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❝✉r✈❡s ✐♥ ❋✐❣✉r❡ ❇✳✶ ♦❜t❛✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞ ♥✉♠❡r✐❝❛❧❧②
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✷✳ ▲✐♥❡s ✇✐t❤ sq✉❛r❡s ✐♥ ❋✐❣✉r❡ ❇✳✷ ❝♦rr❡s♣♦♥❞ t♦ ♥✉♠❡r✲
✐❝❛❧ s♦❧✉t✐♦♥s ✇❤✐❧❡ t❤❡ ❧✐♥❡s ✇✐t❤ ❞♦ts ❞✐s♣❧❛② t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✳ ❆ ✜♥❡r
❝❛s❡✱ ✐✳❡✳ ✷✵✵①✷✵✵✱ ❤❛s ❜❡❡♥ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ ❛s ✐t ✐s ❞✐s❝✉ss❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✷✳
✾✻
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
a) b)  
c) d)  
e) f)  
❋✐❣✉r❡ ❇✳✷✿ ✶✲❉ st✉❞② ♦♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞✐✛✉s✐✈❡ t❡r♠ ❝♦♠♣❛r✐s♦♥ ♦❢
♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝ r❡s✉❧ts ✇✐t❤ ✶st ♦r❞❡r ❢♦r s♣❡❝✐❡s ❝♦♥✈❡r✈❛t✐♦♥ ❛✮ ❛t t❂✶
s ❜✮ ❛t t❂✷ s ❝✮ ❛t t❂✸ s ❞✮ ❛t t❂✹ s ❡✮ ❛t t❂✺ s ❢✮ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❢r♦♠ t❂✶ s
t♦ t❂✺ s ✇✐t❤ ✶st ♦r❞❡r ❛♥❞ ✷♥❞ ♦r❞❡r ❢♦r s♣❡❝✐❡s ❞✐s❝r❡t✐③❛t✐♦♥
✾✼
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✉❧ts ❞♦❡s ♥♦t ✜t ❡①❛❝t❧② ❜✉t s❤♦✇ ✉♥❞❡r❡st✐♠❛t✐♦♥ ♦❢ ♥✉✲
♠❡r✐❝❛❧ r❡s✉❧ts ❝♦♠♣❛r❡❞ t♦ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ♣❛rt✐❝✉❧❛r❧② ✇✐t❤ ✐♥❝r❡❛s✐♥❣ t✐♠❡
❛s ✐t ✐s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ❇✳✷ ❛✲❡✳ ❊✈❛❧✉❛t✐♦♥ ♦❢ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r s♣❛t✐❛❧
❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ❛ tr❛♥s❢❡rr❡❞ s♣❡❝✐❡s ❝♦♥✈❡rs❛t✐♦♥ ❢r♦♠ ✶ t♦ ✺ s❡❝♦♥❞ ❞♦❡s ♥♦t
s❤♦✇ ❛♥② ❞✐✛❡r❡♥❝❡s✳
❇✳✷✳✶ ▼❡s❤ s✐③❡ st✉❞② ❢♦r ❞✐✛✉s✐✈❡ t❡r♠
❆s ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ❞✐✛✉s✐✈❡ t❡r♠ ✇❛s ✐♥✈❡st✐❣❛t❡❞
❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✸✳ ❚❤❡r❡ ✐s ♥♦ ✐♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ❞✐✛✉s✐✈❡ t❡r♠
❛t ❞✐✛❡r❡♥t t✐♠❡✳
a) b)  
❋✐❣✉r❡ ❇✳✸✿ ●r✐❞ ✐♥✢✉❡♥❝❡ ♦♥ ❞✐✛✉s✐✈❡ t❡r♠ ♦❜t❛✐♥❡❞ ✐♥ ❛ ✶✲ ❉ st✉❞②❀ ✶st ♦r❞❡r
s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ❛✮ ❛t t❂✶ s ❜✮ ❛t t❂✷ s
❇✳✸ ❚❡st ♦❢ ❝♦♥✈❡❝t✐✈❡ t❡r♠
■♥ ♦r❞❡r t♦ t❡st t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐♥ ❊q✉❛t✐♦♥ ❇✳✶ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ♠❛ss
tr❛♥s❢❡r ✐♥ ✉♥✐❢♦r♠ ✢♦✇ ♣✉❜❧✐s❤❡❞ ❜② ❆♣❡❧❜❧❛t ✭✶✾✽✵✮ ❬✽✾❪ ❤❛s ❜❡❡♥ ✉s❡❞✳ ❋✐❣✉r❡
❇✳✹ s❤♦✇s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❝❛s❡✳ ✶✵✵① ✶✵✵ ❝❡❧❧ ❣r✐❞
r❡s♦❧✉t✐♦♥ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳ ❇❡❧❧♦✇ t❤❡ ❜♦tt♦♠ ✇❛❧❧ ❛
❝♦♥st❛♥t ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ♦✈❡r❛❧❧ ❛ ✉♥✐❢♦r♠ st❡❛❞② st❛t❡ ✈❡❧♦❝✐t② ✭♣❧✉❣ ✢♦✇✮✐s
✐♠♣❧❡♠❡♥t❡❞ ❛t t❤❡ ✐♥❧❡t ✇✐t❤ ❛ ✉s❡r ❞❡✜♥❡❞ ❢✉♥❝t✐♦♥✳ ❚♦ ♣r♦✈✐❞❡ t❤❡ ♣❧✉❣ ✢♦✇✱ ❛
♠♦✈✐♥❣ ✇❛❧❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❜♦tt♦♠ ❛♥❞ t♦♣ ✇❛❧❧ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞✳
✾✽
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
❚❛❜❧❡ ❇✳✶ s❤♦✇s t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ ✐♥❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
♦❢ t❤❡ t❡st ♣r♦❜❧❡♠✳
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❋✐❣✉r❡ ❇✳✹✿ ●❡♦♠❡tr② ♦❢ ✷✲❉ st✉❞② ♦♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠
ρg ✶ ❦❣✴♠3
ρl ✶ ❦❣✴♠3
µg ✶✳✶✵−5P❛✳s
µl ✶✳✶✵−5P❛✳s
Dgl ✶✳✶✵−5♠2✴s
u0 ✶ ❛♥❞ ✵✳✶ ♠✴s
❚❛❜❧❡ ❇✳✶✿ P❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣❛s ❛♥❞ ❧✐q✉✐❞ ❢♦r t❤❡ t❡st ❝❛s❡ ✭✷✲❉✮ ♦❢ t❤❡
❝♦♥✈❡❝t✐✈❡ t❡r♠✳
❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❝♦♥✈❡❝t✐✈❡ t❡r♠ ✐s ❬✽✾❪✿
C(X, Y )
C0
= 1− erf
(
Y
2
√
X
)
✭❇✳✼✮
✾✾
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
✇❤❡r❡ ❨✱ ❛♥❞ ❳ ❛r❡❀
Y =
y√
D
X =
x
U0
✭❇✳✽✮
❉✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❊q✳❇✳✶✮ ❢♦r ❝♦♥✈❡❝t✐✈❡ ♣r♦❜❧❡♠ ✐s✿
∇ · ρqf q ~vqM qi = −∇ · f q ~Jqi ✭❇✳✾✮
❋✐❣✉r❡ ❇✳✺ s❤♦✇s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♣❧♦ts ✐♥ t❤❡ ✷✲❉ r❡❣✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥t ✢♦✇
✈❡❧♦❝✐t②✳
C(-) C(-)
y
x
y
x
❋✐❣✉r❡ ❇✳✺✿ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ ✷✲❉ st✉❞② ♦❢ t❤❡ ❝♦♥✈❡❝✲
t✐✈❡ t❡r♠ ❢♦r ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s
◆✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts s❤♦✇ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡
❇✳✻✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ ♦r❞❡r t♦ ♣❧♦t t❤❡ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✱ ♥♦❞❡ ❜❛s❡❞
❞❛t❛ ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳
■♥ ❆♣♣❡♥❞✐① ❇✳✸✳✶ ♦♥❡ ❝❛♥ ❛❧s♦ t❤❡ ✜♥❞ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
❜❛s❡❞ ♦♥ ♥♦❞❡ ❛♥❞ ❝❡❧❧ ✈❛❧✉❡s✳
✶✵✵
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
a) b) 
❋✐❣✉r❡ ❇✳✻✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ✐♥ ✷✲❉ st✉❞② ♦♥ t❤❡
❝♦♥✈❡❝t✐✈❡ t❡r♠ ❛t ②❂✵✳✶ ♠♠ ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s❀
◆♦❞❡ ✈❛❧✉❡s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♣❧♦ts✳
❇✳✸✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥♦❞❡ ❛♥❞ ❝❡❧❧ ❜❛s❡❞ r❡s✉❧ts ❢♦r ❝♦♥✲
✈❡❝t✐✈❡ t❡r♠
◆♦❞❡ ❜❛s❡❞ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts
✇✐t❤ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✭❋✐❣✉r❡ ❇✳✻✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♥♦❞❡ ❜❛s❡❞ ❛♥❞ ❝❡❧❧
❜❛s❡❞ r❡s✉❧ts ❢♦r t❤❡ ✷✲❉ st✉❞② ♦♥ t❤❡ ❝♦♥✈❡❝t✐✈❡ t❡r♠ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ❇✳✼✳
❇✳✹ ❚❡st ♦❢ ♠❛ss ❜❛❧❛♥❝❡
❚❤r❡❡ ✐♥t❡r❢❛❝✐❛❧ ♠❛ss tr❛♥s❢❡r t❤❡♦r✐❡s ❛r❡ ❦♥♦✇♥✿ ✜❧♠ t❤❡♦r②✱ ♣❡♥❡tr❛t✐♦♥ t❤❡✲
♦r② ✭❍✐❣❜✐❡ ♠♦❞❡❧✮✱ ❛♥❞ s✉r❢❛❝❡ r❡♥❡✇❛❧ t❤❡♦r②✳ ❚❤❡ ✜rst t✇♦ ♠♦❞❡❧s ❛r❡ ❝♦♥✈❡✲
♥✐❡♥t ❢♦r ❧❛♠✐♥❛r ✢♦✇s ❛♥❞ t❤❡ ❧❛tt❡r ✐s ✈❛❧✐❞ ♠♦r❡ ❢♦r t✉r❜✉❧❡♥t ✢♦✇s✳
❋♦r t❤❡ ✜rst ♠♦❞❡❧ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ✐s t❤❡
❦❡② ✐ss✉❡✳ ■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t t❤r❡❡ ❞✐✛❡r❡♥t
❛♣♣r♦❛❝❤❡s ❛r❡ ❡❧✐❣✐❜❧❡✳ ❆ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❝♦✉❧❞ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡
❙❤❡r✇♦♦❞ ♥✉♠❜❡r ❞❡♣❡♥❞✐♥❣ ♦♥ ❧♦❝❛❧ ♣❤②s✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ❬✹✵❪✳
❊①♣❡r✐♠❡♥t❛❧ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t❤❡r❡❢♦r❡ ❬✾✵❪✳ ❆ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t
❜❛s❡❞ ♦♥ t❤❡ ♣❡♥❡tr❛t✐♦♥ ♠♦❞❡❧ ❝❛♥ ❛❧s♦ ❜❡ ❛❞❛♣t❡❞ ✇✐t❤ ❦♥♦✇❧❡❞❣❡ ♦❢ ♣❤②s✐❝❛❧
❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ❬✹✵❪✳ ❚❤❡ ❜❡tt❡r ✇❛②✱ ❤♦✇❡✈❡r✱ ✐s ❜❛s❡❞ ♦♥ ❛ r✐❣♦r♦✉s
♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♥✉♠❡r✐❝❛❧
✶✵✶
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
a) b)  
❋✐❣✉r❡ ❇✳✼✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ♥♦❞❡ ❜❛s❡❞ ❛♥❞ ❝❡❧❧ ❜❛s❡❞
❝♦♥❝❡♥tr❛t✐♦♥s ❛t ②❂✵✳✶ ♠♠ ❛✮ ■♥❧❡t ✈❡❧♦❝✐t② ✶ ♠✴s ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s✿
✷✲❉ st✉❞② ♦♥ ❝♦♥✈❡❝t✐✈❡ t❡r♠
❝♦♥❝❡♥tr❛t✐♦♥ ❣r❛❞✐❡♥ts ❬✹✼❪✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ✜❧♠ t❤❡♦r② ❛♣♣r♦❛❝❤ ✇✐t❤ ❛ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r ❝♦❡❢✲
✜❝✐❡♥t ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ t❤❡ ♠❛ss ❜❛❧❛♥❝❡ ✇✐t❤ ❛ ✈✐rt✉❛❧ ♣r♦❜❧❡♠
❢♦r ✇❤✐❝❤✱ ✐♥ ❝❡rt❛✐♥ ❝❛s❡s✱ ❛♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❡①✐sts ❢♦r ♠❛ss ❜❛❧❛♥❝❡✳ ❆ ✉s❡r
❞❡✜♥❡❞ ❢✉♥❝t✐♦♥ ✐♥s❡rt❡❞ ✐♥t♦ ❝♦❞❡ ✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❣❛s ❜✉❜❜❧❡ s❤r✐♥❦❛❣❡
✐♥ t❤❡ ❱❖❋ ♠❡t❤♦❞ ❞✉❡ t♦ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✳
❋♦r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛ ♠❛ss tr❛♥s❢❡r ♣r♦❜❧❡♠ ❢r♦♠ t❤❡
❜♦♦❦ ♦❢ ❉✐✛✉s✐♦♥ ❢r♦♠ ❈✉ss❧❡r ❬✾✶❪ ❤❛s ❜❡❡♥ ❝❤♦s❡♥✳ ❖①②❣❡♥ ❜✉❜❜❧❡ ❞✐❛♠❡t❡r
✐s ✵✳✵✺ ❝♠ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❛❢t❡r ✹✷✵ s❡❝♦♥❞ ✐t ❜❡❝♦♠❡s ✵✳✵✷ ❝♠✳ P❤②s✐❝❛❧
♣r♦♣❡rt✐❡s ❛t ❙❚P ❢♦r ♦①②❣❡♥ ❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤❡ ♠❛ss tr❛♥s❢❡r ❢♦r t❤❡
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ tr❛♥s❢❡r ✐♥ t❤❡ ✐♥t❡r❢❛❝❡ ❝❡❧❧ ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ❛s✿
S =
d(mg)
d(t)
= kA∆C = kA(Csat − Cdis) ✭❇✳✶✵✮
❆ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ♣♦ss✐❜❧❡✱ ✇❤❡♥ Cliq = 0 ✐s ❛ss✉♠❡❞ ❛t ❛♥② t✐♠❡✳ ❚❤❡♥
✶✵✷
❇✳ ❱❆▲■❉❆❚■❖◆ ❖❋ ❚❍❊ ❈❖❉❊
t❤❡ ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❣❡ts
k = 1.6× 10−5m
s
❚❤❡ ✐♥t❡r❢❛❝✐❛❧ ❛r❡❛ ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✐♥ t❤❡ ✉s❡r ❞❡✜♥❡❞ ❢✉♥❝t✐♦♥ ✉s✐♥❣
❊q✉❛t✐♦♥ ❄❄✳ ❚❤❡ ♠❛ss tr❛♥s❢❡r s♦✉r❝❡ t❡r♠ ✭❊q✉❛t✐♦♥ ❇✳✶✵✮ ❤❛s ❜❡❡♥ ❛❞❞❡❞
✐♥t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✈♦✐❞ ❢r❛❝t✐♦♥ ✭❊q✉❛t✐♦♥ ✹✳✶✾✮ ❜② ❤❡❧♣ ♦❢ ❛ ✉s❡r ❞❡✜♥❡❞
❢✉♥❝t✐♦♥✳ ❚❤❡ ♠❛ss t❡r♠ ✐s ♥❡❣❛t✐✈❡ ❢♦r t❤❡ ❣❛s ♣❤❛s❡ ❛♥❞ ♣♦s✐t✐✈❡ ❢♦r t❤❡ ❧✐q✉✐❞
♣❤❛s❡✳ ■♥ t❤✐s st✉❞② ✐t ✐s ❛❧s♦ ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♣❡❝✐❡s ✐s s♦ ❧♦✇
t❤❛t ✐t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣❤❛s❡ ❞❡♥s✐t②✱ ✇❤✐❝❤ r❡♠❛✐♥s t❤❡r❡❢♦r❡ ❝♦♥st❛♥t✳
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 Analytic Solution
❋✐❣✉r❡ ❇✳✽✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❜✉❜❜❧❡ ✈♦❧✉♠❡s ✇✐t❤ ❛♥❛❧②t✐❝ ❛♥❞ ♥✉♠❡r✐❝❛❧ s♦❧✉✲
t✐♦♥❀ ❛ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ♦❢ ❦❂1.6 × 10−5m
s
✱Cliq = 0 ❛♥❞ ❛ ❣r✐❞
✇✐t❤ ✹✵①✹✵①✹✵ ❝❡❧❧s ✐s ✉s❡❞✳
❚❤❡ ❧✐♥❡ ✇✐t❤ ❞♦ts ✐♥ ❋✐❣✉r❡ ❇✳✽ r❡♣r❡s❡♥ts t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇❤✐❧❡ t❤❡
❧✐♥❡ ✇✐t❤ sq✉❛r❡s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧t✳ ❚❤❡s❡ t✇♦ ❧✐♥❡s ❛r❡ ♣❡r✲
❢❡❝t❧② ✜tt✐♥❣ ❡❛❝❤ ♦t❤❡r✳
❇✳✹✳✶ ■♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ♠❛ss ❜❛❧❛♥❝❡
❚❤❡ ❝♦❛rs❡ ♠❡s❤ s✐③❡ ♠❛② ✐♥✢✉❡♥❝❡ t❤❡ ♣r❡❝✐s❡♥❡ss ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❛s ✐t ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✾✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛❝❤
✐♥❞❡♣❡♥❞❡♥❝② ♦❢ ♠❡s❤ s✐③❡ ❢♦r ♠❛ss ❜❛❧❛♥❝❡ ❡q✉❛t✐♦♥ ❛t ❛ ❣r✐❞ ✇✐t❤ ✹✵①✹✵①✹✵ ❝❡❧❧s
✶✵✸
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✉s✐♥❣ t❤❡ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t ❛♣♣❧✐❡❞ ✐♥ s❡❝t✐♦♥ ❇✳✹✳
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 Numerical Solution 40x40x40
 Numerical Solution 80x80x80
 Numerical Solution 20x20x20
❋✐❣✉r❡ ❇✳✾✿ ■♥✢✉❡♥❝❡ ♦❢ ♠❡s❤ s✐③❡ ♦♥ ♠❛ss ❜❛❧❛♥❝❡ ❛ ❝♦♥st❛♥t ♠❛ss tr❛♥s❢❡r
❝♦❡✣❝✐❡♥t ♦❢ ❦❂1.6× 10−5
❇✳✺ ❚❡st ♦❢ ✜rst ♦r❞❡r ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t✐♦♥
❚❤❡ s❛♠❡ t❡st ♣r♦❜❧❡♠ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ❇✳✹ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ t♦ ❝♦♠♣❛r❡
t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ✜rst ♦r❞❡r ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t✐♦♥ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts
✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ❜② ❆♣❡❧❜❧❛t ✭✶✾✽✵✮✳
■♥ t❤❡ ❝❛s❡ ♦❢ ✜rst ♦r❞❡r ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t✐♦♥✱ r❡❛❝t✐♦♥ ♦❝❝✉rs ✐♥ ❡♥t✐r❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢ s♣❡❝✐❡s ❝♦♥s❡r✈❛t✐♦♥ ✭❊q✉❛t✐♦♥ ❇✳✶✮
✇✐t❤ ❛❝❝♦✉♥t✐♥❣ ❤♦♠♦❣❡♥♦✉s r❡❛❝t✐♦♥ ❝❛♥ ❜❡ r❡❛❞✿
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C(X, Y )
C0
=
[
exp (−a) erfc (b− c1/2)+ exp (a) erfc (b+ c1/2)] /2 ✭❇✳✶✸✮
✇❤❡r❡ ❨✱ ❳✱ ❛✱ ❜ ❛♥❞ ❝ ❛r❡❀
Y =
y√
D
X =
x
u0
a = k1/2Y b =
Y
2
√
X
c = kX ✭❇✳✶✹✮
❋✐❣✉r❡ ❇✳✶✵ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧ ❝❛s❡ ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢
✶ ❛♥❞ ✵✳✶ ♠✴s ✈❡❧♦❝✐t② ❛t ✐♥❧❡t ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s r❡❛❝t✐♦♥ r❛t❡ ❦❂✶ s−1 ❛♥❞ ✺✵✵
s−1 r❡s♣❡❝t✐✈❡❧②✳
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y
x
y
x
a) b)
❋✐❣✉r❡ ❇✳✶✵✿ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ✐♥ t❤❡ t❡st ♦♥ ✜rst ♦r❞❡r
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❦❂✶ s−1 ❜✮ ■♥❧❡t ✈❡❧♦❝✐t② ✵✳✶ ♠✴s✱ ❦❂✺✵✵ s−1
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▼♦❞❡❧❧✐♥❣ ♦❢ ❈❤❡♠✐❝❛❧ ❘❡❛❝t✐♦♥
❉✳✶ ❈❤❡♠✐❝❛❧ st✉❞✐❡s ✐♥ ❧✐t❡r❛t✉r❡
■♥ ♦r❞❡r t♦ ♣r♦✈✐❞❡ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✭r❡❛❝t✐♦♥ s❡❡ ❋✐❣✉r❡
❉✳✶✮ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ ❝❛t❛❧②st ✐s ✐♠♣♦rt❛♥t✳ ❋♦r ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥✐❧✐♥❡ ✈✐❛
❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ❡✐t❤❡r ❛t ✈❛♣♦✉r ♣❤❛s❡ ♦r ❛t ❧✐q✉✐❞ ♣❤❛s❡✱ ❞✐✛❡r❡♥t
♥♦❜❧❡ ♠❡t❛❧ ❝❛t❛❧②st ✇❡r❡ ✐♥✈❡st✐❣❛t❡❞ s✉❝❤ ❛s ♣❛❧❧❛❞✐✉♠ ❬✾✷✱ ✾✸✱ ✾✹✱ ✾✺❪✱ ♣❧❛t✐♥✉♠
❬✶✸✱ ✾✷✱ ✾✺❪✱ ♥✐❝❦❡❧ ❬✾✻✱ ✾✼❪✱ ❛♥❞ ❝♦♣♣❡r ❬✾✻❪✳ ❈❛r❜♦♥ ❬✾✽❪✱ ❣❧❛ss ✜❜❡r ❬✾✷❪✱ ❛♥❞ s✐❧✐❝❛
❬✾✽❪ ❛r❡ ✉s❡❞ ❛s ❝❛rr✐❡rs✳
❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✐♥ ❛ ♠❡♠❜r❛♥❡ r❡❛❝t♦r ✇❛s
♣❡r❢♦r♠❡❞ ❜② ❚♦rr❡s ❡t ❛❧✳ ❬✶✸❪ t♦ ♠✐♥✐♠✐③❡ ♠❛ss tr❛♥s❢❡r ❧✐♠✐t❛t✐♦♥ ✐♥ t❤❡ ♠✐✲
❝r♦s❝❛❧❡✳ ■t ✇❛s ❢♦✉♥❞ ❛ r❛t❡ ❡♥❤❛♥❝❡♠❡♥t ❢❛❝t♦r ♦❢ ✷✵ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t❤❡
♠❡♠❜r❛♥❡ r❡❛❝t♦r t♦ ❛ ♠♦❞❡❧ ✜①❡❞✲❜❡❞ r❡❛❝t♦r ❬✶✹❪✳ ❍♦❡❧❧❡r ❬✾✺❪ ✐♥✈❡st✐❣❛t❡❞
❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✉s✐♥❣ str✉❝t✉r❡❞ ❝❛t❛❧②t✐❝ ❜❡❞s
❛♥❞ s✉❣❣❡st❡❞ P❞ ❛♥❞ Pt s✉♣♣♦rt❡❞ ♦♥ ❣❧❛ss ✜❜❡rs ❛s ❝❛t❛❧②st✳ ❨❡♦♥❣ ❡t ❛❧✳ ❬✾✾❪
❞❡t❡r♠✐♥❡❞ t❤❡ ②✐❡❧❞ ♦❢ ❛♥✐❧✐♥❡ ♣r♦❞✉❝❡❞ ✈✐❛ ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ♥✐tr♦❜❡♥✲
③❡♥❡ ✉s✐♥❣ ❛ ♠✐❝r♦r❡❛❝t♦r ❢❛❧❧✐♥❣ ✜❧♠ r❡❛❝t♦r ❛♥❞ ❢♦✉♥❞ ♣r♦❞✉❝✐♥❣ ❛♥✐❧✐♥❡ ✇✐t❤
♠✐❝r♦r❡❛❝t♦r ✐s ♠♦r❡ ❡✛❡❝t✐✈❡ t❤❛♥ ✇✐t❤ ❝♦♥✈❡♥t✐♦♥❛❧ ♦♥❡s ❬✾✾❪✳ ■♥ ❛ t✇♦ st❛❣❡
✢✉✐❞✐③❡❞ ❜❡❞ r❡❛❝t♦r ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥✐❧✐♥❡ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ❬✶✵✵❪✳ ❆ ❝♦♠✲
♣r❡❤❡♥s✐✈❡ st✉❞② ♦❢ ❛♥✐❧✐♥❡ ♣r♦❞✉❝t✐♦♥ ❤❛s ❜❡❡♥ ❞♦♥❡ ❜② ❋r✐❦❤❛ ❬✶✵✶❪ ✐♥ ❛ ❜❛t❝❤
✶✷✽
❉✳ ▼❖❉❊▲▲■◆● ❖❋ ❈❍❊▼■❈❆▲ ❘❊❆❈❚■❖◆
r❡❛❝t♦r✳ ❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ✐♥ ❧✐q✉✐❞ ♣❤❛s❡ ♦✈❡r ❛♥ ✐♥❞✉str✐❛❧ ❝❛t❛❧②st
❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶✵✷❪✳
❇♦t❤✱ ❊❧❡②✲❘✐❞❡❛❧ ❛♥❞ ▲❛♥❣♠✉✐r✲❍✐♥s❤❡❧✇♦♦❞ ♠❡❝❤❛♥✐s♠ ✜t t❤❡ ❤②❞r♦❣❡♥❛✲
t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✐♥ ❧✐q✉✐❞ ❛♥❞ ✈❛♣♦r ♣❤❛s❡ ✐♥ ❞✐✛❡r❡♥t st✉❞✐❡s
❬✾✺✱ ✾✼✱ ✶✵✷✱ ✶✵✸❪✳ ❘❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ♦❢ ❛♥✐❧✐♥❡ ♦❜t❛✐♥✐♥❣ ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ✈❛♣♦✉r
♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ✐♥ ❬✶✵✸✱ ✶✵✹❪✳ ❊✳❣✳ ❢♦r t❤❡ ❤②❞r♦✲
❣❡♥❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ❛s ❊❧❡②✲❘✐❞❡❛❧ ♠♦❞❡❧
✉s✐♥❣ P❞✴❈❛r❜♦♥ ✐s ♣r♦♣♦s❡❞ ❜② ❍♦❡❧❧❡r ❡t ❛❧✳ ❬✾✺❪✿
r(CH2 , CNB) = k
′ KNBCNB
1 +KNBCNB
✭❉✳✶✮
❋r✐❦❤❛ ✭✷✵✵✻✮ ♣r♦♣♦s❡❞ ❛ r❡❛❝t✐♦♥ r❛t❡ ♦❢ ❛♥✐❧✐♥❡ ❝❛t❛❧②③❡❞ ✇✐t❤ P❞✴❈❛r❜♦♥
❬✶✵✶❪ ❛❝❝♦r❞✐♥❣ t♦✿
r(CH2 , CNB) =
47.8
3
e
−2422
T CcatC
1/3
NBCH2 (mol/m
3s) ✭❉✳✷✮
NO2 NH2
catalyst
+   2 H2O+      3 H2
 
❋✐❣✉r❡ ❉✳✶✿ ❍②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡
❉✳✷ ❆♣♣❧✐❡❞ ❘❡❛❝t✐♦♥ ▼❡❝❤❛♥✐s♠ ✐♥ ❙✐♠✉❧❛t✐♦♥
❚❤❡ ♠♦❞❡❧ ♦❢ ❍♦❡❧❧❡r ❡t ❛❧✳ ❬✾✺❪ ✇❛s ❛♣♣❧✐❡❞ t♦ ❜✉✐❧❞ ✉♣ t❤❡ ✉s❡r ❞❡✜♥❡❞ ❢✉♥❝t✐♦♥
❢♦r ❛ r❡❛❝t✐♦♥ ❛t t❤❡ ❝❛t❛❧②st ❝♦❛t❡❞ ❝❤❛♥♥❡❧ ✇❛❧❧s ♦❢ t❤❡ ♠✐❝r♦r❡❛❝t♦r✳
❑NB ✐s t❤❡ ❛❞s♦r♣t✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ♥✐tr♦❜❡♥③❡♥❡ ✇❤✐❧❡ ❦l ✐s t❤❡ ♠♦❞✐✜❡❞
r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ✐♥ ❊q✉❛t✐♦♥ ❉✳✶✳ ❑NB ✐s ♦❜t❛✐♥❡❞ ✼✳✷ ❧✴♠♦❧ ❜② ❍♦❡❧❧❡r ❡t
✶✷✾
❉✳ ▼❖❉❊▲▲■◆● ❖❋ ❈❍❊▼■❈❆▲ ❘❊❆❈❚■❖◆
❛❧✳ ❬✾✺❪✳ ❦l❂✵✳✼✹ ♠♦❧✴✭❣✳❧✳s✮ ✇❛s ❣✐✈❡♥ ❜② ❍♦❡❧❧❡r ❡t ❛❧✳ ❛t ✼ ❜❛r ❛♥❞ s❤♦✉❧❞ ❜❡
r❡❝❛❧❝✉❧❛t❡❞ t♦ ✶ ❜❛r✳
❚❤❡ ♠♦❞✐✜❡❞ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ✐s ✿
k
′
= kPd.Csat → kPd = k
′
Csat
✭❉✳✸✮
❙❛t✉r❛t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❤②❞r♦❣❡♥ ✐♥ ♥✐tr♦❜❡♥③❡♥❡ ❛t ✼ ❜❛r ✐s ✶✱✷✺✳✶✵−2
♠♦❧✴❧✳ ❚❤❡♥ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❢♦r P❞ ✭kPd✮ ✐s ✺✾✳✷ ✶✴✭❣✳s✮✳
■♥ ♦r❞❡r t♦ ✉s❡ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ✐♥ ❊q✉❛t✐♦♥ ❉✳✸✱ t❤❡ ❛♠♦✉♥t ♦❢ P❞ s❤♦✉❧❞
❜❡ ❦♥♦✇♥✳ ❚❤❡ r❡q✉✐r❡❞ ❞❛t❛ ✐s t❤❡ ❛❝t✐✈❡ P❞ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r✳ ●❡✐ss ✭✷✵✶✵✮
❬✻✹❪ ❞❡t❡r♠✐♥❡❞ t❤❡ ❛❝t✐✈❡ ♣❛❧❧❛❞✐✉♠ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r✿ ✵✳✵✶✶❣ ❝❛t❛❧②st ✐s ✉s❡❞
✇✐t❤ ✺✪ P❞ ❧♦❛❞✐♥❣ ❛♥❞ ✷✺✪ ♠❡t❛❧ ❞✐s♣❛ss✐♦♥ ✭❝❛s❡ ❆✮✳ ❙✉r❢❛❝❡ ♦❢ t❤❡ s❤❡❡t ♠❡t❛❧
✭✶✾✹✳✹ ♠♠2✮ ❝♦♥t❛✐♥s ✵✳✵✵✵✶✸✼✺ ❣r P❞✳ ❆r❡❛ s♣❡❝✐✜❝ P❞ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r ✐s
t❤✉s ✼✳✵✼ ✶✵−1 ❣✴♠2✳ ❏❛✐s❡r ✭✷✵✶✶✮ ❬✶✵✺❪ ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ✵✳✶✸✺ ❣r✴♠2 ✇✐t❤ ✸✸✪
❞✐s♣❛ss✐♦♥✳ ❚❤❡r❡❢♦r❡ t❤❡ ❛r❡❛ s♣❡❝✐✜❝ P❞ ✐♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r ✐♥ t❤✐s ❝❛s❡ ✐s ✹✳✹✻
✶✵−2 ❣✴♠2 ✭❝❛s❡ ❇✮✳
❚♦t❛❧ ❛❝t✐✈❡ P❞ ✭❣r✮ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ✭✶✴s✮
❈❛s❡ ❆ ✭❛t ❚❂✶✶✵0❈✮ ✽ ✶✵−6 ✹✱✼✸✳✶✵−4
❈❛s❡ ❇ ✭❛t ❚❂✶✺✵0❈✮ ✺ ✶✵−7 ✷✱✾✻✳✶✵−5
❚❛❜❧❡ ❉✳✶✿ ❘❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥ts ❛♥❞ t♦t❛❧ ❛❝t✐✈❡ P❞ ✐♥ t❤❡ s✐♠✉❧❛t❡❞ ❣❡♦♠❡✲
tr② ❢♦r ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐tr♦❜❡♥③❡♥❡ ❞✐✈✐❞❡❞ ❢r♦♠ t❤❡ ❧❛❜ ♠✐❝r♦r❡❛❝t♦r ❝♦♥t❛✐♥✲
✐♥❣ ❛ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ✇✐t❤ P❞✴❈ ❝♦❛t✐♥❣
❚♦t❛❧ ❛❝t✐✈❡ P❞ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ✐s ✽ ✶✵−6 ❛♥❞ ✺ ✶✵−7 ❣ ❢♦r ❈❛s❡ ❆✱ ❛♥❞
❈❛s❡ ❇ r❡s♣❡❝t✐✈❡❧② ✭❚❛❜❧❡ ❉✳✶✮✳ ❚❤❡♥ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❢♦r ❤②❞r♦❣❡♥❛t✐♦♥
♦❢ ♥✐tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ✉s✐♥❣ P❛❧❧❛❞✐✉♠ ❝❛t❛❧②st ✭kR✮ ✐s
kRA = 59.2 1/(g.s)× 8 10−6g = 4.73 10−41/s(CaseA) ✭❉✳✹✮
✶✸✵
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kRB = 59.2 1/(g.s)× 5 10−7g = 2.96 10−51/s(Case2) ✭❉✳✺✮
❆❢t❡r t❤❡ r❡❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❢♦r ❤②❞r♦❣❡♥❛t✐♦♥ ♦❢ ♥✐✲
tr♦❜❡♥③❡♥❡ t♦ ❛♥✐❧✐♥❡ ❢♦❧❧♦✇✐♥❣ r❡❛❝t✐♦♥ r❛t❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥t♦ ❝♦♠♣✉t❛t✐♦♥❛❧
❞♦♠❛✐♥✳
rl,CH2,CNB = kR.CH2
KNB.CNB
1 +KNB.CNB
✭❉✳✻✮
❉✳✸ Pr♦❣r❛♠♠✐♥❣ ♦❢ ❘❡❛❝t✐♦♥ ▼❡❝❤❛♥✐s♠
❉❊❋■◆❊❴❱❘❴❘❆❚❊✭✈♦❧❴r❡❛❝❴r❛t❡✵✵✱❝✱t✱r✱♠✇✱s♣❡❝✐❡s❴♠❢✱r❛t❡✱rr❴t✮
④
✴✯❯s❡r ■♥♣✉ts✯✴
r❡❛❧ rr❜✱❦❴✱❑❴◆❇✱❝❍❴✷✱❈❴◆❇✱❈❴❍✷❀
r❡❛❧ ❛✱❜✱❦✱❞✱♠❛ss❴P❞❴t♦t✱♠❛ss❴P❞❴❝❡❧❧❀ ✴✯P❛❧❧❛❞✐✉♠ ♠❛ss ❣r✯✴
r❡❛❧ r❴❈❤❛❂✵✳✸✵❀ ✴✯r❛❞✐✉s ♦❢ ❝❤❛♥♥❡❧ ♠♠✯✴
r❡❛❧ ▲❂✻✳✵✵❀ ✴✯❧❡♥❣t❤ ♦❢ t❤❡ ❝❤❛♥♥❡❧ ♠♠✯✴
✴✯✭✶✴✼✳✹❡✻✮✯✵✳✸✸ t♦t❛❧ ❆❦t✐✈ P❞ ✐♥ ♠✐❝r♦r❡❛❝t♦r ❣r✴♠♠✷✯✴
r❡❛❧ t♦t❛❧❴P❞❴♠♠✷❂✹✳✹✻❡✲✵✽❀
r❡❛❧ ♣✐❂✸✳✶✹❀ ✴✯P✐ ◆✉♠❜❡r✯✴
✴✯t♦t❛❧ ❛r❡❛ ♦❢ s❤❡❡t ♦♥ t❤❡ ♠✐❝r♦r❡❛❝t♦r ✐♥ t❤❡ ❧❛❜ ♠♠2✯✴
r❡❛❧ t♦t❛❧❴❛r❡❛❂✶✾✹✳✹❀
✴✯✯✯✯✯✯✯✯✯✯✯✯✴
r❡❛❧ ②◆❇❍ ❂ s♣❡❝✐❡s❴♠❢❬✵❪❀
r❡❛❧ ②❍✷❖ ❂ s♣❡❝✐❡s❴♠❢❬✶❪❀
r❡❛❧ ②❆♥✐❧✐♥❡ ❂ s♣❡❝✐❡s❴♠❢❬✷❪❀
r❡❛❧ ②◆❇ ❂ s♣❡❝✐❡s❴♠❢❬✸❪❀
✴✯❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂❂✯✴
✴✯ ❈❖◆❙❚❆◆❚❙ ❢♦r ❦✐♥❡t✐❝ ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥st❛♥ts✯✴
✶✸✶
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✴✯♠♦❞✐✜❡❞ r❡❛❝t✐♦♥ ❝♦♥st❛♥t ❦✯❝❍❴✷✭✵✳✼✹ ♠♦❧✴❧✯s✯❣❴P❞❂✷✯✵✳✼✹✯✶✳❡✲✵✸ ❦❣✴♠3✯s✯❦❣❴P❞✮✯✴
♠❛ss❴P❞❴t♦t❂t♦t❛❧❴P❞❴♠♠✷✯✷✯♣✐✯r❴❈❤❛✯▲❀ ✴✯✺❡✲✵✼✯✴
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